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Abstract

Let (f,g) be a pair of complex analytic functions on a singular analytic space X. We give “the
correct” definition of the relative polar curve of (f,g), and we prove a very general form of Lé’s attaching
result, which relates the relative polar curve to the relative cohomology of the Milnor fiber modulo a
hyperplane slice. Our main theorem is the construction, in non-generic situations, of a derived category
version of the discriminant and Cerf diagram of a pair of functions. From this, we derive a number
of generalizations of results which are classically proved using the discriminant. In particular, we give
applications to families of isolated “critical points”.

1 Introduction

Let U be an open nelghborhood of the origin in C**!, and let f : 4 — C be a complex analytic function.
We assume that 0 € V(f) := f~1(0). We let £f denote the critical locus of f.

Fix a point p € U. Let zg denote a generic linear form on C"*!, which, in fact, we take as the first
coordinate function, after possibly performing a generic linear change of coordinates.

In [4], [23], [7], [8], Hamm, Teissier, and Lé define and use the relative polar curve (of f with respect
to zp), I‘~ , to prove a number of topological results related to the Milnor fiber F 0 of a hypersurface

smgularlty We shall recall some definitions and results here. We should mention that there are a number
of different characterizations of the relative polar, all of which agree when zj is sufficiently generic; below,
we have selected what we consider the easiest way of describing the relative polar curve as a set, a scheme,
and a cycle.

As a set, F} o is the closure of the critical locus of (f, 20) minus the critical locus of f, ie., F} o equals

(f, 20) — Ef, as a set. If zg is sufficiently generic for f at p, then, in a neighborhood of p, F1~ Fozo will be

purely one-dimensional (which includes the possibility of being empty); see Theorem 1.1 below.

It is not difficult to give F}z a scheme structure. We use (2o, ..., 2,) as coordinates on U. If F} is
1=0 P
purely one-dimensional at p, then, at points = near, but unequal to, p, I'} o is given the structure of the
af af « : » 1
scheme V YRRl vl £ One can also remove “algebraically” any embedded components of ' _atp
Zl Z’I’L »<0

by using gap sheaves; see Chapter 1 of [12].
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In practice, all topological applications of the relative polar curve use only its structure as an analytic
cycle (germ), that is, as a locally finite sum of irreducible analytic sets (or germs of sets) counted with
integral multiplicities (which will all be non-negative). We remark here that these are cycles, not cycle
classes; we do not mean up to rational equivalence. The intersection theory that one needs here is the simple
case of proper intersections inside smooth manifolds; see 8.2 of [2] or our summary in Appendix A of [17].
If C' is a one-dimensional irreducible germ of F}’ZO at p, and z € C' is close to, but unequal to, p, then the
component C' appears in the cycle F;; ” with multiplicity given by the Milnor number of f| » at x, where H
is a generic affine hyperplane passing 7through x.

The following theorem tells one the relative polar curve has nice properties for a generic choice of the
linear form z.

Theorem 1.1.(Hamm-1é&) For a generic choice of 2,
1. F}Z is purely one-dimensional at p;
»%0
2. F;;Z properly intersects V(f — f(p)) at p, i.e., p is an isolated point in 1"1~Z NV(f—f(p);
»<0 »<0

3. the cycle I‘} Y is reduced (near p), i.e., each component through p appears with multiplicity 1.

Proof. Items 1 and 2 are proved in 2.1 of [4]. Item 3 is Lemma 2.2.1 of [4]. O

Now, we can state the main result of [7].

Theorem 1.2. (Lé, [7]) For generic zo, up to homotopy, Fj, is obtained from Ffl o by attaching
’ V(z0)’
— (TL
T = (Ff,zo -V(f))o n-cells.

. k ~ - _ - . _ ~ 7T
In particular, H (Ffvo’Ff\sz)vO) =01ifk+#n, and Hn(Fva’Ff\wzo)vo) ~7".

Remark 1.3. It will be important for us to understand some of Lé’s set-up in [7].

Let B. denote a closed 2n-ball of radius € centered at the origin in C”, and let Ds denote a closed disk
of radius ¢ centered at the origin in C.

Then, Lé shows that, for 0 < |[{| < 0 < e < 1, (D5 x Bc) N f71(€) has the homotopy-type of the Milnor
fiber of f at 0 and, of course, ({0} x B.) N f~1(£) is homeomorphic to the Milnor fiber, Ff o0 0f fo = fly.,,

at 0. Theorem 1.2 is obtained by applying Morse Theory to the map |z|? on (Ds x B.) N f~1(€).

In [7], Lé gives an extensive discussion of the discriminant and Cerf diagram of the map G := (zo, f). The
discriminant is G(XG) and the Cerf diagram is G(T' ;; ). One “sees” Lé’s attaching result graphically in the
»20

discriminant/Cerf diagram below. Down in the image of the map (zo, f), the pair (F 7o Ffo,o) is represented
by the pair (L, {a}), and one sees that the relative cohomology of (F 7o Ffmo) decomposes as a direct sum
of local Morse data above each of the points where L intersects the Cerf diagram, C, (the image of the
relative polar curve). Now, the number of points in the intersection of C' and L, counted with multiplicities,
is precisely 7 = (F}’ZO -V(f)) > which yields the theorem.



From Lé’s discussion, it is clear that Fz , is also homeomorphic to ﬁfo,o = ({v} x B)N f~1(€), provided

that 0 < |{] < ¥ < < € < 1; in fact, there is a homeomorphism from the pair (Ff o, 7 o) to (Ff g, F o)

which induces an isomorphism between H*(Ff o, F7 o) and H*(F} o, F o) and which 1nduces the 1dent1ty

map on H*(F7,). In the Cerf diagram, the pair (FfO,F o) is represented by (L,{b}) and, using an
argument which is essentially the same as in the paragraph above, one concludes that H*(F'; 7.0 F o) =L,

This is an important observation, because in the formalism of the derived category and vamshmg cycles,
HFY(F 7.0 Ffo o) is isomorphic to the stalk cohomology at the origin of the vanishing cycles along 2 of

the nearby cycles along f of the constant sheaf on U, i.e. Hk+1(Ff 0,F o) = HF (¢, Z))o (here, we do
not distinguish between 2y and 20[y( f)). If we include the correct shlfts then we know that Zp, [n+ 1] is

perverse, and that ¢, [—1] and ¢ ¢[—1] take perverse sheaves to perverse sheaves; hence, we prefer to write
H* (¢ [= 105 [~ 123 [0+ 1])o = H* " (Fj o, F o).

Thus, the results of Lé in [7] tell one that H"*(¢,,[—1]vf[—11Z2[n + 1])o is zero, unless k = 0, and
HO (o[- 100 [—1]Z3y[n + 1])o X Z.

The above relation between Theorem 1.2 and iterated vanishing and nearby cycles appeared explicitly in
the work of Sabbah in [22] and in our own work in [13].

We now wish to describe one of our primary results from [13]; this result is a substantial generalization
of Theorem 1.2.

Let X be a closed analytic subspace of U, and let f := ﬂx. Let g : (U,0) — (C,0) be another analytic
function, and let g := g,. Let &° be a Whitney stratification, with connected strata, of X — V(f). For
S € 6°, let Ng and Lg denote, respectively, the normal slice and link of the stratum S; see [3]. Let F*® be
a bounded complex of sheaves of Z-modules on X — V(f), constructible with respect to &°. Let dg denote
the dimension of S € &°.

It would take far too long to define some of the objects and terms in the statement below. Let us simply
say that I', (&°) is generalization of the underlying set of the relative polar curve and, when this set is, in
fact, 1-dimensional, we give it a cycle structure and denote the portion of the cycle coming from a stratum
S € &6° by Fl (S ). The terms tractable and decent are non-degeneracy requirements on g; their definitions
depend on the choice of a good stratification (i.e., an ay stratification). In the classical situation where § is
a generic linear form, it is easy to see that I" YQ(GO) is 1-dimensional, and that g is tractable and decent.

n [13], we proved:

Theorem 1.4. ([13], Theorem 4.2) Suppose that g is tractable relative to f at 0.



Then, for all i, Hi(Fﬁo,FflV( ),O;F‘) is a direct summand of H'='(¢,9F*)o, and there exist integers
g9
Jjs such that

Hi(Ffvo’Fflv(g)vo;F.) =~ @ (Hi*dSJrl(Ns,}LS;F.))JS,
Se6e

where jg > (f;y(S) . V(f))o, with equality if g is decent relative to f.
Furthermore, if ', (&°) has no components contained in V(g), then

H'"(¢40F®)o = H'(Fyo.Fyy,  0:F°).

Summary of the Results of this Paper

What are the problems with Theorem 1.47 There are several. One is that the hypotheses are difficult to
check. Another, related, problem is that it is unclear to what extent the hypotheses are necessary for the
conclusion. A third issue is that the definition of I‘ch , () seems rather ad hoc.

In this paper, we “fix” these problems. Let G° and F* be as above. Let G°(F*®) be the set of strata of
S such that H*(Ng,Lg; F*®) # 0.

For each S € G°(F*), we will define an (ordinary) cycle I's 5(5). Using these cycles, we will define

(Definition 3.4) the graded, enriched relative polar cycle, (Ff,g(F')).. In each degree k € Z, (I‘f,g(F‘))lc
is a formal, locally finite, sum of irreducible analytic subsets of X multiplied by modules over a fixed base
ring; see Section 2 of [18] and Section 3. When the underlying set, (I‘f,g(F')).| = Useeome) Ir3(5)| is
purely one-dimensional at a point p € X, we say that the relative polar curve of f, with respect to g, with
coefficients in F*, is defined at p. A principal theme of this paper is that this definition of the relative polar
curve is the correct definition for results on the level of cohomology.

There are notions of the critical loci of f and (f,g) with respect to the complex of sheaves F*; see
Definition 4.2, Definition 4.6, and Remark 4.7. These critical loci are denoted by YXge f and Xge(f,g),
respectively. As in the classical case, one has

Spe(fo9) = Zpef U |Tpg(F*)

and that, in a neighborhood of the origin, Ype f C V(f). Unlike the classical case where § is a generic
linear form, it is possible for |Ff7§(F°)| to have components contained in Ygs f and, hence, in V(f). It is
of fundamental importance throughout this paper that the precise amount of genericity that we need in our
hypotheses is that |I‘ f,g(F')| is 1-dimensional and has no components contained in V(f).

)

We should remark that the intersection product that we use throughout our work is a mild extension of
the intersection theory, mentioned above, of properly intersecting cycles in a complex manifold; see Section
2 of [18] for the fundamental properties. We use ® to denote this enriched intersection product.

Using our results in [18], and continuing with the notation from above, we will quickly prove our first
main theorem. Below, and throughout this paper, we adopt the convention that the empty set has dimension
—00, so that for analytic space Z and a point p, the condition that dim, Z < 0 means that either dim, Z = 0

orpé Z.
Main Theorem 1. (Theorem 3.12) In a neighborhood of the origin,

supp ¢y [—1]s[-1]F* = V() N |T15(F*)| € V(g),
and, when dimg V(f) N |Ty5(F*)| <0,

H* ([~ 10 [~1F*)o = (T1.5(F) 0 V(£)),,

=~



i.e.,

HYYB A f ), BN f N ONg  w) ) = @ (H9s(Ng, Lg; F*)),
SEGO(F*)

where 0 < [¢] < [v| << e <1, and js = (T} (5)-V(f)),-

Our proof of the above theorem is elegant, and very short, given existing results. However, it is not
as intuitive as the discriminant/Cerf diagram argument, nor does it allow us to prove a number of related
results, as we did in Section 4 of [13].

Hence, in Section 4 of this paper, we will prove the necessary technical results to push-down the complex
F*, restricted to a suitable neighborhood, via the map (g, f). This will tell us that, if we define a derived
category version of the discriminant, Ags(g, f), to be the image under (g, f) of the set g (f, g), then the
standard classical discriminant/Cerf diagram proofs of Lé, Hamm, and Teissier will work without modifica-
tion, and will yield hypercohomology results. It is important that the neighborhood Nj , below is defined
using a closed ball, for it makes the map T , a proper map. The difficulty is in bhowmg that, debplte
the fact that N§ 5.p is not a complex analytic set the proper push-forward of the restriction of F*® to N¢ 5.0
nonetheless complex analytically constructible.

For €,6,p > 0, let N§ , := BeN g’l(]ﬁ)é) N f’l( D,). Let (F ) be the restriction of F* to N§ ,, and let
T§ , be the restriction of the map (g, f) to a map from N , to ]D)é X [D)p. We prove:

Main Theorem 2. (Theorem 4.13) Suppose that dimg V() N ‘Fﬁg(F')‘ <.

Then, for all sufficiently small ¢ > 0, there exist d,p > 0 such that the derived push-forward
R(T§ p)*(F’)f;’ , 1s complex analytically constructible with respect to the stratification given by

o

s

(D, XD, — Ape(g, f), (D; X D,) N Ape(g, f) — {0}, {0}}.

That some theorem like Theorem 4.13 is true is stunningly unsurprising. However, the technical details
of dealing with boundary issues under the weak hypothesis that dimg V(f) N |Ts,5(F*)| < 0 are immensely
complicated. The usefulness of this theorem is that, after one has the technical proof, in the future, one
avoids having to prove results about compatible neighborhoods of various forms under various technical
hypotheses.

As an example of the usefulness of Theorem 4.13, we quickly prove:

Corollary to Main Theorem 2. (Corollary 4.18) Suppose that dimo V (f)N|Ts,5(F*)| < 0. Let (fﬁg(F')).
denote the components of (Fng(F')). which are not contained in V(g). Then,

1
H ! (Fro, Fy,  0:F*) 2 (Tr5(F*)" @ V(£)),:
2. R )
H ™ (Fyo. Fy, , 0:F*) = ((Dr5(F%))" ©V(g))ysand
3,

H* (05[]0 [-1F*)0 = (T15(F*) 0 V(g), ® H*(Wyl-1¢s[~1]F)o.



In Section 5, we give another application of our results. We combine the results of Section 4 with Corollary
3.9 of [19] in order to obtain a relation between Thom’s a; condition and the graded, enriched polar curve.
In Section 6, we show how the main theorems allow us to prove a number of familiar-looking results on
families with isolated critical points.

We belatedly thank Marc Levine for a number of helpful discussions involving our enriched intersection
theory.

2 Basics of Enriched Cycles

In this section, we will recall the basic definitions that one needs for using enriched cycles ; these definitions
are taken from Section 2 of [18]. There are a number of results from [18] which will be used in the proof
of the main theorem in Section 3. While we will not restate the needed results from [18] in this paper, the
background material in this section will enable the reader to make sense of the definition of the graded,
enriched relative polar curve and the proof of the main theorem in Section 3.

Definition 2.1. An enriched cycle, E, in X is a formal, locally finite sum )., Ev[V], where the V'’s are
irreducible analytic subsets of X and the Ey’s are finitely-generated R-modules. We refer to the V'’s as the
components of E, and to Ey as the V-component module of E. Two enriched cycles are considered the same
provided that all of the component modules are isomorphic. The underlying set of E is |E| := U %

Ey#0"7 *

If C =Y ny[V] is an ordinary positive cycle in X, i.e., all of the n, are non-negative integers, then
there is a corresponding enriched cycle [C]®™ in which the V -component module is the free R-module of rank
ny. If R is an integral domain, so that rank of an R-module is well-defined, then an enriched cycle E yields
an ordinary cycle [E]°™ := 3", (tk(Ev))[V].

If q is a finitely-generated module and E is an enriched cycle, then we let ¢F := )", (¢® Ey)[V]; thus, if
R is an integral domain and E is an enriched cycle, [¢F]**? = (1k(q))[E]**Y and if C is an ordinary positive

cycle and n is a positive integer, then [nC]*™ = R™[C]*™.

The (direct) sum of two enriched cycles D and E is given by (D + E)y := Dy @ Ey .

There is a partial ordering on enriched cycles given by: D < E if and only if there exists an enriched
cycle P such that D + P = E. This relation is clearly reflerive and transitive; moreover, anti-symmetry
follows from the fact that if M and N are Noetherian modules such that M & N = M, then N = 0.

If two irreducible analytic subsets V and W intersect properly in U, then the (ordinary) intersection cycle
[V] - [W] is a well-defined positive cycle; we define the enriched intersection product of [V]™* and [W]™
by [V]e™ © [W]e™ = ([V] - [W])™™. If D and E are enriched cycles, and every component of D properly
intersects every component of E in U, then we say that D and E intersect properly in U and we extend the
intersection product linearly, i.e., if D =", Dy[V] and E =}, Ew[W], then

DO E:=Y (Dy®Ew)([V]- [W])*".
V,W

A graded, enriched cycle E® is simply an enriched cycle E* for i in some bounded set of integers. An
single enriched cycle is considered as a graded enriched cycle by being placed totally in degree zero. The
analytic set V is a component of E® if and only if V is a component of E* for some i, and the underlying set
of E* is |E®| = U;|E?|. If R is a domain, then E® yields an ordinary cycle [E®]°™d =" (=1)!(tk(EL))[V].
If k is an integer, we define the k-shifted graded, enriched cycle E*[k] by (E*[k])" := EtF.

If q is a finitely-generated module and E® is a graded enriched cycle, then we define the graded enriched
cycle gE* by (¢E°*)" := >\, (¢® E})[V]. The (direct) sum of two graded enriched cycles D* and E® is given



by (D* + E®)}, := D & Ei,. If D' properly intersects E7 for all i and j, then we say that D* and E*®
intersect properly and we define the intersection product by

(D*@E*)*:= ) (D'eE).
itj=k

Whenever we use the enriched intersection product symbol, we mean that we are considering the objects
on both sides of ® as graded, enriched cycles, even if we do not superscript by enr or e.

Let 7: W — Y be a proper morphism between analytic spaces. If C' = > ny[V] is an ordinary positive
cycle in W, then the proper push-forward 7.(C) = > ny7.([V]) is a well-defined ordinary cycle.

Definition 2.2. If E* =), E}/[V] is an enriched cycle in W, then we define the proper push-forward
of E® by 7 to be the graded enriched cycle 72 (E*®) defined by

T(E®) = ) By In (VD™
\4

The ordinary projection formula for divisors ([F], 2.3.c) immediately implies the following enriched ver-
sion.

Proposition 2.3. Let E® be a graded enriched cycle in X. Let W := |E®|. Let 7 : W — Y be a proper
morphism, and let g : Y — C be an analytic function such that goT is not identically zero on any component
of E*. Then, g is not identically zero on any component of 72 (E*®) and

THE* © V(gor)) = m(E*) © V(g).

Definition 2.4. Suppose that F* is a bounded complex of sheaves, which is constructible with respect to an
analytic Whitney stratification &, in which the strata are connected. For S € &, let dg := dim S. If (Ng,Lg)
is a pair consisting of a normal slice and complex link, respectively, to the stratum S, then, for each integer
k, the isomorphism-type of the module H*~9s (Ng, Lg; F*) is independent of the choice of (Ng,LLg); we refer
to H*~9s (Ng,Lg; F*) as the degree k Morse module of S with respect to F*.

The graded, enriched characteristic cycle of F* in the cotangent bundle T*U is defined in degree
k to be

gecck (F*) := Z H*=%(Ng,Ls; F*)[T:U .
Se6

Remark 2.5. There are no canonical choices for defining the the normal slices or complex links of strata.
However, as two enriched cycles are equal provided that the component modules are all isomorphic, the
graded, enriched characteristic cycle is well-defined.

Example 2.6. We wish a give a simple example of calculating a graded, enriched characteristic cycle.

Let f : C? — C be given by f(z,y,t) = y(y*> —2® —t22?), and let X := V(f) = V(y) UV (y? — 2> — t22?).
The singular set of X, XX, is the 1-dimensional set V (x,y) UV (x + t2,y). Thus, near the origin (actually,
in this specific example, globally),

S :={V(y) - V(> —2® —t*2*),V(y* —2° — *2%) = V(y), V(z,y) — {0}, V(z + *,y) — {0}, {0}}



is a Whitney stratification of X with connected strata. Let F*® := Z%[2] (we shall discuss the shift by
2 below), which is constructible with respect to any Whitney stratification of X. We wish to calculate
gecc® (F*).

First, consider the 2-dimensional strata. Let Sy := V(y) — V(y? — 23 — t?2%). Then, Ng, is simply a
point, and Lg, is empty. Hence, H*~2(Ng,,Lg,; F*) = H*(Ng,,Ls,; Z) isomorphic to Z if k = 0, and is 0 if
k # 0. The same conclusion holds if S; is replaced by So := V(3% — 23 — t222) — V (y).

Now, consider the 1-dimensional strata. Let S3 := V(x,y)—{0}, and Sy := V(z+t2,y)—{0}. The normal
slice Ng, is, as a germ, up to analytic isomorphism, three complex lines in C2, which intersect at a point, and
Lg, is three points. Similarly, the normal slice Ng, is, as a germ, up to analytic isomorphism, two complex
lines in C2, which intersect at a point, and L, is two points. Hence, H*~!(Ng,,Lg,; F*) = H*"(Ng,,Lg,;Z)
isomorphic to Z? if k = 0, and is 0 if k # 0. Similarly, H*~!(Ng,,Lg,; F*) = H**!(Ng,,Lg,; Z) isomorphic
to Z if k=0, and is 0 if k£ # 0.

Finally, consider the stratum {0}. Then, Nygy is all of X, intersected with a small ball around the origin.
The complex link Loy is usually referred to as simply the complex link of X at 0. Thus, Lo, has the
homotopy-type of a bouquet of 1-spheres (see [10]), and the number of spheres in this bouquet is equal to
the intersection number (T'} -V (L))o, where L is any linear form such that doL is not a degenerate covector
from strata of X at 0 (see [3]), and the relative polar curve here is the classical one from the beginning of
Section 1. We claim that we may use L :=t for this calculation.

To see this, first note that V(y? — 23 — t222) is the classic example of a space such that the regular part
satisfies Whitney’s condition (a) along the t-axis (or, alternatively, this is an easy exercise). Thus, dpt is not
a limit of conormals from S. Now, the closures of S, S3, and Sy are all smooth, and dgt is not conormal
to these closures at the origin.

To find the ordinary cycle F},t, we take the components of the cycle below which are not contained in

f:

|4 <gf, gf> = V(y(—=3x? — 2t%x),3y* — 2> — t22%) = V(y, 2%(x + t*)) + V(x(3z + 2t?),3y* — 2% — t?2%) =
€T oy
2V (x,y) + V(x + 2, y) + 2V (x,y) + V(3z + 2t%, 3y — 2® — t22?).

Thus, F}’t = V(3x + 2t%,3y* — 23 — t22?), and (F}’t V(t))o = [V(3z + 2t2,3y? — 23 — t22%,t)]p = 2, and
Hk*O(N{O},IL{O}; F*) = Hk+2(N{0},L{0}; 7)) is isomorphic to Z? if k = 0, and is 0 if k # 0.

Therefore, we find that gecc(F®) = 0 if k # 0, and

gecc’(F*) = 2 [T§, O] + 2 [T5,CF| + 22 [Tg, O] + 2 [T5,C°| + 22 [T, .

The fact that gecc®(F*®) is concentrated in degree 0 is equivalent to the fact that Z%[2] is a perverse
sheaf (see [18]), and was the reason for including the shift by 2. The constant sheaf on any connected, local
complete intersection, shifted by the dimension of the space, is perverse.

The reader is invited to take the most simple space Y which is not a local complete intersection — two
planes P; and P, in C*, which intersect at only the origin — and show that, if A® = Z$-[2], then

gecc’(A®) = Z[T5 C*] + Z[T5,CY,
gecc H(A®) = Z[TEO}C4],
and geccF(A®) = 0 for k # 0, —1.



3 The Main Definitions and First Main Theorem

Throughout the remainder of this paper, we will use the notation established in Section 1: U is an open
neighborhood of the origin in C"*!, f and g are analytic functions from (i/,0) to (C,0), X is a complex
analytic subset of U, f and g denote the restrictions of f and g, respectively, to X, and & is a Whitney
stratification of X, with connected strata, such that V(f) is a union of strata.

We use (20, . . ., 2,) for coordinates on U, and identify T*U with U x C* 1, using (wo, . .., w, ) for cotangent
coordinates, so that (p,wodpzo + - -+ + wpdpzy,) corresponds to (p, (wo, ..., wy,)). Let 7 : T*"U — U denote
the projection. Below, we consider the image, im dg, of dg in T*U; this scheme is defined by

V(wo—aai,...,wn—ﬁaj> CU x CnHL,

We will consider imdg as a scheme, an analytic set, an ordinary cycle, and as a graded, enriched cycle; we
will denote all of these by simply im dg, and explicitly state what structure we are using or let the context
make the structure clear.

We do not require our base ring to be Z (as we did in Section 1). We let R, our base ring, be any regular,
Noetherian ring with finite Krull dimension (e.g., Z, Q, or C). This implies that every finitely-generated
R-module has finite projective dimension (in fact, it implies that the projective dimension of the module
is at most dim R). We let F* be a bounded, constructible complex of sheaves of R-modules on X. Let
S(F*):={S € 6 | H*(Ng,Lg; F*®) # 0}; we refer to the elements of G(F*) as the F*-visible strata of &.

Suppose that M is a complex submanifold of ¢/. Recall:

Definition 3.1. The relative conormal space T}f‘ U s given by
M
T}f‘ U= {(x,n) € T*°U | n(T,M Nkerd,f) = 0}.
M

If M C X, then T}f U depends on f, but not on the particular extension f In this case, we write T}‘l U

| M

in place of TffI Uu. .
N

vl

Definition 3.2. The graded, enriched relative conormal cycle, (T;F. L{)‘, of f, with respect to
F*, is defined by 1

(T;F,u)’“: > HYs(Ng,Lg; F*) [T;Su}.
SEG(F*)
f‘s# const.

Example 3.3. Let us return to the setting of Example 2.6, where X = V (y) UV (y? — 2% — t?2?) and F* =
7% [2]. We had Whitney strata consisting of {0}, S1 = V (y) =V (y*—a23—t22?), Sy = V(y* -2 —t22%) -V (y),
S3 = V(z,y) — {0}, and Sy = V(z +t2,y) — {0}.

We found that gecc?(F®) = 0 if k # 0, and

gecc’(F*) = 2. [T5,C| + 2 [T5,CF| + 22 [Tg,C°| + 2 [T5,C°| + 22 [T, .

We will calculate (T _,C%)°.

As we said above, we identify T*C? with C3 x C3, and will use coordinates (wg,wy,ws) for cotangent
coordinates, so that (wg,ws,ws) represents wodzr + widy + wadt.



Since x is identically zero on {0} and Ss, these two strata are not used in the calculation of (TJ;k e (Cg)'.

For the 1-dimensional stratum Sy, [T;‘S (C?’} is the 4-dimensional cycle V(x + 2, y) C C* x C3.
4

The fiber of T;‘Sl C3 over any p € S is
(T3, C*)p+ < dpz >= {w + adpz | w € (T§,C*),,a € C} = {bdpy + adyz | a,b € C}.
Hence, [W} =V (y,ws).
The fiber of T;“S2 C3 over any p € Sy which is a regular point of z restricted to Sy is
(T5,C*)p+ < dpz >:=

{w+adyz | we (T5,C?),,a € C} = {b((—32% — 2t%z)dpx + 2ydyy — 2ta’dyt) + adpz | a,b € C}.

The form wod,z + w1dpy + wadpt is in this set if and only if the determinant of the following matrix is O:

Wo w1 wa
—322 — 22z 2y —2t2?|,
1 0 0

i.e., if and only if yws +tz?w; = 0. It is tempting to conclude that {T;ls ((:3} equals V (y? — 2% — 222, ywq +
2

tz?wy), but this is not the case; we must eliminate any components of V (y? — 23 — t222, yws + to?w; ) which
are contained in V(x,y). Our notation for the resulting scheme (a gap sheaf, see [17], I.1) is

V(y? — 2 — 222 ywo + taw) -V (z,y).
Note that, as schemes,
V(y? —a® — 222 ywo + trwy) = V(y? — 23 — 222 ywy + ta*wy, y*ws + ytaw,) =
V(y? — 2® — 222 ywo + towy, (2 + 222wy + ytz’w:).
Using [17], 1.1.3.iv, we find that, as cycles,
V(y? — 2 — 222 ywo + tawy) -V (x,y) = V(y? — 2° — 222 ywo + tawy, (z + 2wy + ytw,).

(This last equality need not be true on the level of schemes, since our generators do not form a regular
sequence and, hence, there may be embedded subvarieties.)

Therefore, we find that (7% _, (C3)k is 0 unless k = 0, and

(T~ C3)0 = Z[V(y,w2)] + Z[V(y* — 2° — 227, ywa + tz*wy, (z + t*)wa + ytwy)] + Z[V(z + 12, y)].

z,F®

We now wish to define the graded, enriched relative polar curve. Note that the projection 7 induces an
isomorphism from the analytic set imdg to U. We will use the proper push-forward (Definition 2.2) of the
map 7 restricted to im dg; we will continue to denote this restriction by simply 7.

By our conventions in Section 2, the graded, enriched im dg is zero outside of degree 0, and is R[im dg]
in degree 0.

10



Definition 3.4. If S € & and f, is not constant, we define the relative polar set, |Ff7g(,5’)|, to be
s (W N im dg) s if this set is purely 1-dimensional, so that W and im dg intersect properly, we define
the (ordinary) relative polar cycle, T's 5(5), to be the cycle , ({W} - [im dg]).

It 5(F*®)|, is defined by

The relative polar set,

0P| = (|(T7,..0)° | Nimdg)

Each 1-dimensional component C' of !Fﬁg(F') is the image of a component of |(T:F.Z/l).f N imdg

along which |(T*F.Z/I).| and imdg intersect properly. We give such a component C the structure of the
graded, em“ichedﬁ cycle whose underlying set is C' and whose graded, enriched cycle structure is given by

fEe
ture of C in |I'y ;(F*)|.
If |I‘f,§(F')| 1s purely 1-dimensional, we say that the graded, enriched relative polar curve,
(I‘}yg(F’))., is defined, and is given by

sy ((T* L{). ®im dg) over generic points in C. We refer to this as the graded, enriched cycle struc-

(T} 5 ()" =2 (77,0 ©imdg)

f.Fe®
i.e.,
o k — ° nr
CjaF) = Y H(Ng,Lg;F*) (If5(5)™ .
SEG(F*®)
f‘Sgé const.

Remark 3.5. In the notation for the polar curve, we write g, not simply ¢g; we do not, in fact, know if
(I‘}yg(F’)). is independent of the extension to §. However, Theorem 3.12 will imply that, when (F},g(F')).

is defined and has no component on which f is constant, then (F})Q(F°)). is independent of the extension

g. It is also not difficult to show that the set |I‘f,§(F')| is independent of the extension of g, but we shall
not need this result here.

Note that T}“ U Nimdg is at least 1-dimensional at each point of intersection, and so |I‘ f,g(F‘)| has
S

no isolated points. Also, note that, as |(T;F.U).| Nimdg is a closed subset of imdg, and 7 induces an
isomorphism from imdg to U, |I'y5(F*®)]| is a closed subset of U.

Finally, the reader may wonder about the symmetry of our definition. It is not true for arbitrary f and
g that even the sets ’Ff@(F') and ‘Fg f(F’)‘ are equal; see Remark 4.11. However, Proposition 4.10 will

imply that the components of these two sets along which neither f nor g are constant are the same. Hence,
we refer to a component of |Ff,g(F')| along which neither f nor g is is constant as a symmetric component

of [Ty5(F*)].
By moving to a generic point p on a 1-dimensional symmetric component C' of ‘F 1.4 (F')‘ and applying

is the same as that

Corollary 4.18, one can show that the graded, enriched cycle structure of C' in ’F 7.5(F*)
of C'in |T, #(F*)|.

Example 3.6. We continue with our setting from Example 2.6 and Example 3.3, and consider X =
V(y) UV(y? — 2® — t222) and F* = Z%[2]. We will calculate (T ,(F*))".
Using the isomorphism T*C? = C? x C3 from Example 3.3, im d¢ is the scheme

t t t
V(’wog, wlfa—, w28> :V(wo,wl,wgfl).
€z Y



In Example 3.3, we found that (TJ:k Cg)k is 0 unless £ = 0, and

. F®
(T:,F' C3)0 =Z[V(y,w2)] + Z[V(y* — 2® — 222 yws + tawy, (x + tH)ws + ytw,)] + Z[V(z +12,y)].

Let us write E for the cycle V(y? — 2% — 222 ywy + tz?wy, (x + t2)wy + ytw;) throughout the remainder of
this example.

Thus, (I‘;t(F'))k is 0 unless k = 0 and, to calculate (Fi,t(F'))O, we need first to calculate the three
ordinary cycles
Tl (V(y7 ’LUQ) ' V(’LUO, w1, w2 — 1))7

T (E : V(’lUO,U}l,U)Q - 1))3
and

T (V(‘T + t27y) ’ V(w0aw13w2 - 1))

Now, V(y,ws2) NV (wp,wy,ws — 1) = 0, and so 7. (V(y,wg) - V(wo, wy, wy — 1)) = 0. In addition, it is
trivial that there is an equality of cycles . (V (z + t%,y) - V(wo, w1, ws — 1)) = V(z 4 t?,y). However, the
remaining cycle is more difficult to calculate.

The difficulty in calculating
T (E -V (wo, wy, we — 1))

is due to the fact that y? — 2% — t222, ywsy + ta?wy, (x +t2)wz + ytw; is not a regular sequence. To “fix” this,
note that, in Example 3.3, we saw that, as cycles, there is an equality

V(y? — 2® — 222 ywo + tr*wy) = C + E,
where the underlying set |C| C V(z,y). Now, it is trivial that, as sets,
ENV(we,wi,ws —1) = V(x4 2y, wo, wi, ws — 1).
Therefore,
C - V(wo,wy,wy — 1) + E - V(wg,wy,wy — 1) = V(y* — 2® — 222 yws + tzwy) - V(wo, w1, wy — 1) =

V(y? —2® — 222 ywo + to?wy, wo, wy, we — 1) = V(2% (x + t2), y, wo, w1, wy — 1)
2V (z,y, wo, wy,we — 1) + V(x4 2.y, wo, w1, we — 1).

Thus, as cycles,
E- V(w07w17w2 - 1) = V(ZC +t2aya Wo, W1, W2 — 1);

and so T, (E - V(wg, w1, wy — 1)) = V(z + 12, y).
Finally, we find that

(P2, (F*)" =72 (17, )" @ imadt) = ZIV (@ + 2,9)] + Z[V (x + 2, )] = Z2[V (« + 2, )],

I.F®

Before we can prove our main theorem of this section, we must recall three results from [18].

Theorem 3.7. ([18], Theorem 3.3) There is an equality of graded enriched cycles given by
geee® (s [-1]F*) = (T7.U)" © (V(f) x C"*).

We state the next two theorems for complexes of sheaves on V' (f), since that is the case in which we shall
use them.
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Theorem 3.8.([18], Theorem 3.4) Let A® be a bounded, constructible complex of sheaves of R-modules on
V(f). Then, dimg(supp ¢4[—1]A*) <0 if and only if dimg 7 (|gecc®(A®)| Nimdg) < 0, and when this is the
case, dimg q4,g) (|gecc°(A‘)| Nim dg) <0 and

H"(¢g[~1]A%)0 = (gecc"(A®) © mdg) (g 405)-

Theorem 3.9. ([18], Theorem 3.5) Let A® be a bounded, constructible complex of sheaves of R-modules on
V(f). Then, there is an equality of sets given by

| supp ¢g—o[-1]A* = 7(|gecc®(A®)| Nim dg).
veC

We need a lemma before we prove our first main theorem.

Lemma 3.10. There is an equality of sets
supp dg[—1]1os[-1]F* = V(f,9) N [Ts,5(F*),
and, in a neighborhood of the origin, V(f) N |y 5(F®)| € V(g).

Proof. The equality follows from Theorem 3.9 by letting A® = ¢ ;[—1]F*, applying Theorem 3.7, and then
intersecting V' (g) with both sides of the equation from Theorem 3.9. The containment also follows from
Theorem 3.9 by letting A® = ¢;[—1]F*, applying Theorem 3.7, and then using that, near a point p where
g(p) = 0, supp ¢g—,[—1]A® is empty if v # 0. O

Remark 3.11. In much of our work, particularly in [12] and [17], we have used the notion of a prepolar
slice. Using our current terminology, the condition that V' (g) is a prepolar slice for f at 0 would be replaced
with dimg V' (g) N |Tf,5(F*)| < 0. Note that, by Lemma 3.10, this implies that dimg V' (f) N |Ts,5(F*)| <O0.

We now prove our first main theorem.

Theorem 3.12. The following are equivalent:
1. dimg supp ¢4[—1]¢[-1]F* < 0;
2. dimg V() 1 [Ty (F*)| <0;
3. dimo V(f,g) N |Ty35(F*)| <0;

and, when these equivalent conditions hold, (F},g(F‘)). erists and

o\~ o\\F
H" (g [~ 1ty [-1]F*)o = (I} 5(F*))" @ V(£)),,
i.e., _
H*1 (BN 1), B f N ) B = @D (H5(Ng, Lg; F*)

Se&o(F*)

where 0 < |§| € |v] <k e < 1, and js = (1";_6(5) V())e
In addition, if C*® is the graded enriched cycle consisting of the components of ( }g
contained in V(g), and the three equivalent conditions above hold, then dimg supp ¢ ;[—1]¢,

H* (4[] [-1]F*)0 = (C* O V() -

(F*) ) which are
[-1]F°* <0 and

13



Proof. The equivalence of the conditions follows immediately from the lemma. Assume now that these
conditions hold.

By Theorem 3.8,
H¥ (0, [~ 110 [~1F")o = (gece* (v [~ 1JF*) © imdg) .,
Applying Theorem 3.7, we find that

HY (6 [-1105[-1]F)0 = ((T7,.U)" © (V(f) xC™*) © mdg) o405 =

(w (1) © (V(H) x T © imdg)) .

where this last isomorphism follows from the definition of the proper push-forward. By Proposition 2.3, this
last quantity equals

(7 ((T7 . U)° © imdg) © V(f)),,

which, by definition of the graded, enriched relative polar curve is equal to ((I‘}CKZI(F'))IC ® V(f))o. This
proves the first isomorphism.

Now, H*(;[—1]pg[—1]F*)o = Hk—l(ﬁg NV(g) NV(f — a);pg[-1]F®), for 0 < |a| < ¢ < 1. In a

neighborhood of the origin, V(f — a) transversely intersects all strata of any complex stratification with
respect to which ¢4[—1]F*® and F*® are constructible,

H (B V(g) N V(S — a); 9[- 1IF*) 2 HY (B, N V(g) N V(S — a); b [-1)(F], )

and, by transversality again, this is isomorphic to

H* (BN V(9) NV (f — a); [~ 1]try—a[-1]F*).

By Lemma 3.10, supp ¢g[—1]¢)5_o[—1]F* =V (g, f —a) N ‘Fﬁg (F*)|, which will be 0-dimensional inside B,

by the three equivalent hypotheses. At this point, that

H*(p[—1)¢y[-1]F®)o = (CF 0 V(f)),

follows by applying the first isomorphism at each of the isolated points in B. NV (g, f —a) N |F f7g(F.)|.
O

We would like to know, of course, that the equivalent hypotheses of Theorem 3.12 are satisfied in the
classical case where f is fixed and g is chosen to be a generic linear form.

Proposition 3.13.

1. There exists a non-zero linear form [ such that 0 & |Ff7[(F‘)| if and only if for generic linear I,
0¢|Tyi(F*).

2. For generic linear [, dimg V(f) N |Ff,[(F')| <0 and dimg V(I) N |Ff7[(F')| <0.
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Proof. The proof of Item 1 is standard. Suppose that there exists a non-zero linear form [ such that 0 ¢
IT;,((F*)|. Then, the projective class [dol] is not in the fiber ]P’(|(T:F.Z/I).|)O C P". Thus, IP’(|(T;‘F.Z/{).|)O
is a proper analytic subset of P™. This implies Item 1. Y

Proof of Item 2:

If A*® is any bounded, constructible complex of sheaves on any complex analyticY C U and 0 € Y, then for
generic linear [ on U, 0 is an isolated point in supp ¢;[—1]A®. This is well-known; see, for instance, Theorem
2.4 of [16]. Thus, for generic [, dimg supp ¢([—1]¢;[—1]F® < 0, which, by Theorem 3.12, is equivalent to
dime V(f) N |y (F®)| < 0.

Now, refine, if necessary, our Whitney stratification & to obtain a Whitney stratification &’ which
also satisfies Thom’s ay condition. For generic linear [, V(I) will transversely intersect all of the strata
of &' in a neighborhood of the origin, except possibly at the origin itself. Fix such an [. We claim that
dimo V(1) N [Ty (F*)| < 0.

Since &' is an ay stratification, Jgce T;‘SU = Uges T}’I‘SL{. Our choice of [ implies that, if p # 0 and
p €S e, then d,l & (T§U),. Suppose now that we have an analytic path «(t) such that a(0) = 0 and,
for t # 0, a(t) # 0 and a(t) € V(1) N [Ty ((F*)|. We wish to arrive at a contradiction.

If f((t)) = 0 when [¢| is small, then we are finished, since dimo V' (f) N [Ty, (F®)| < 0. So, assume that
for |¢| small and non-zero, f(«(t)) # 0.

For |¢| small and non-zero, «(t) is contained in a single stratum S € &’. Near the origin, the &'-stratified
critical locus is contained in V'(f); hence, by the assumption in the previous paragraph, for |¢| small and non-
zero, do ) [ & (TSU) (). From our definition of (), and the discussion two paragraphs above, it follows that,

for [t| small and non-zero, do )l € (TsU)a(t), Ha(t)) =0, and dq )l € (T}“SU) = (TsU) o+ < da(t)f >,
where the last equality uses that da(t)f & (TsU) -

Thus, for [¢| small and non-zero, there exists ¢; € C such that

(). o)l + cida f € (TEU) o)

a(t)

Evaluating at o/(t), and using that [(a(t)) = 0 and o/(t) € T,¢)S, we immediately conclude that
ct (f(a(t)))/ = 0. However, ¢; cannot be zero, for otherwise () would imply that do)l € (T5U)qa()-

Therefore, we must have that (f(a(t)))/ = 0, which implies that f(«a(t)) = 0, since f(a(0)) = 0. This is a
contradiction. O

Example 3.14. We continue where we left off in Example 3.6: X = V (y)UV (y?—2®—t*z?) and F* = Z%[2].
We found that (T': ,(F*))" was concentrated in degree 0, and

(Fho(F*)° = 22V (@ + £2,y)].
Thus, Theorem 3.12 tells us that H*(¢:[—1]1.[—1]Z%[2])o is 0 unless k = 0, and

H (¢ [-1]0[-1]Z% [2])0 = (Z*[V (z + £*,y)| © V(2)) , = Z*.
4 The Derived Category Discriminant

Theorem 3.12, and its elegant, formal proof, was our motivation for defining the graded, enriched relative

polar curve as we did. Of course, it would be nice to have a generalization of the result of Lé in its original

form, as it appears in Theorem 1.4: a result which gives H*(F o, Ff\V( .03 F*). In fact, we could easily prove
9
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such a result by appealing to the discriminant and Cerf diagram, if only we could push the complex F*® down
to the discriminant in some nice way.

There is one serious technical issue involved: we must show that a suitable neighborhood of origin pushes
down by (g, f) to a complex analytically constructible complex, a complex which is constructible with
respect to a stratification which is essentially determined by the image of the enriched relative polar curve.
The main problem is that, on an open neighborhood of the origin, (g, f) will not be a proper map and, if
we instead use a domain with boundary on which (g, f) is proper, then the boundary causes us to leave the
complex analytic setting.

This is precisely the type of problem that is addressed by the microlocal theory of Kashiwara and Schapira
in [6], and we will use the micro-support of complexes of sheaves on real semianalytic sets. It will take a fair
amount of preliminary work before we arrive at the desired result.

Suppose that M is a C'°° manifold, Z is a subspace of M, and A® is a bounded complex of sheaves of
R-modules on Z. Then, Kashiwara and Schapira define the micro-support, SS(A®) C T*M, of A® in 5.1.2
of [6]. Intuitively, (p,n) € SS(A®) if and only if the local hypercohomology of Z, with coefficients in A*®,
changes as one “moves” in the direction of 7.

In our fixed complex analytic setting, where X is a complex analytic subset of & and F* is complex
analytically constructible, the micro-support is easy to describe.

Proposition 4.1. ([15], Theorem 4.13)

SS(F*) = [gecc®(F*)| = | J Til.
SEG(F*)

We need to define the critical locus of complex analytic maps relative to the complex F°. If p € X, we
shall write SS,(F*®) for the fiber 7—1(p) N SS(F*).

Definition 4.2. The F*-critical locus of f, Yg. f, is the set {p € X | H*(¢s—_ ;) [—1]F*), # 0}.

Proposition 4.3.(Theorem 2.4 and Remark 2.5 of [16]) The closure Spe f is equal to 7(im df n SS(F*))

and f is constant along the components of Xpe f.

We need to generalize Yge f to the case where f is a real analytic map whose codomain has dimension
greater than one, and where we replace F* by something more general.

We may consider T*U with its complex analytic structure, as we have been up to this point, or with its
real analytic structure. When it is important for us to distinguish these structures, we will write (77U)
and (T*?/{)]R7 respectively, and we remind the reader that, for p € U, there is an R-linear isomorphism
from (T*U)5 to (T*U)F given by mapping 7 to the real part Ren (or 2Ren). If ni,...,nx € (T*U)S, this
isomorphism identifies the complex span (1, ...,n,)C with the real span (Ren;,Immni, ..., Ren, Imn;)¥.
When the structure is clear from the context, or is irrelevant, we shall continue to simply write T*U. We

point out that the zero-section of T*U is the conormal space to U in U, i.e., T;;U.

We will projectivize the fibers of (T*U) (resp., (T*U)®), and denote this projectivization by P((T*U)®)
(resp., P((T*U)®)), which is isomorphic to & x P™ (resp., U x RP?"*1). In either the complex or real case,
we let @ denote the projection from the projectivization of T*U to U, and if n is a non-zero element of the
fiber (T*U),, we denote its projective class by [n].

A subset E C T*U is C-conic (resp., R-conic) if (p,n) € E implies that, for all a € C (resp., a €
R), (p,an) € E. If E is any subset of T*U, we let P(E) denote the (real or complex) projectivization
{(p,[)) | (p,m) € E — T}, and let By, := 7~ (p) N E.

We need the following easy lemmas.
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Lemma 4.4. Suppose that E C T*U s closed and R-conic (resp., C-conic). Then, P(E) is closed in
P((T*U)R) (resp., P((T*U)C)) and n(E) is closed in U.

Proof. We shall prove the real case. The proof over the complex numbers is the same. Throughout, we
shall write simply T"*U, in place of (T*U)F.
By definition of the quotient topology on P(T*U), P(E) is closed if and only if

E":={(p,n) € T"U - TU | (p, [n]) € P(E)}

is closed in T*U — T;jU. As E is conic, E' = E — T;;U, which is closed in T"U — T;;U, since E is closed in
T*U. Thus, P(E) is closed.

Now, suppose that we have a sequence p; € 7(E) and p; — p € U. We need to show that p € 7(E). Let
n; be such that (p;,n;) € E. Identify T*U with U x R?"*2,

If an infinite number of the 7; are zero, then, by taking a subsequence (which we continue to write as p;),
we have an infinite sequence (p;,0) € E. Then, (p;,0) — (p,0) € E, as E is closed. Thus, p = n(p,0) € n(E).

If an infinite number of the n; are not zero, we can take a subsequence (p;,7;/|n:|), which is still in E,
as E is conic. Since the n;/|n;| are contained in the unit sphere, by taking another subsequence, we may
assume that n;/|n;| converges to some 7. Thus, (p;,n:/|n7:]) — (p,n), which is in F, since FE is closed, and so
pen(E). O

Lemma 4.5. Suppose that h, ..., hy are real (resp., complex) analytic functions from U to R (resp., C),
and suppose that E C T*U is closed and R-conic (resp., C-conic). Then, the set YXg(h1,...,hy) of p €U
such that there exists non-zero (ai,...,a;) € R* (resp., C¥) such that

Cbldpill + -+ akdpizk €k,
18 closed in U.

Proof. We shall prove the real case. The proof over the complex numbers is the same. Let N := 2n + 2.

Let K be the set of points p € U such that dpizl, .. .,dpﬁk are linearly dependent, i.e., let K be the
critical locus of the map (hq,...,hx). Note that K is closed.

Consider the continuous function T': (U — K) x RPF~1 — (i — K) x RPN~ given by T(p, [a1, ..., ax]) =
(p, [ardphy + -+ - + ardphg)). Let 7 : (U — K) x RP*~1 — if — K denote the projection map.

By Lemma 4.4, P(E) is closed in & x RPN =1, Therefore, B := T~ (U — K) x RPN 1) NP(E)) is closed
in (U — K) x RP¥~1. As 7 is proper, 7(B) is closed in U — K.

Now, the set iE(ﬁl, ..., hy) is equal to #(B) U K, which is closed in ¢{. O

Definition 4.6. Let H := (ﬁl, ceey Bk) and E be as in Lemma 4.5. Then, the set EEI:T from Lemma 4.5 is
the closed E-critical locus of H. We define the E-discriminant of H, AgpH, to be H(XpH).

If H is complex analytic, and E = SS(F*), then we let Spe H := SgH and ApeH := ApH.

Remark 4.7. By Proposition 4.3, if E := SS(F*), then Y. f = iEf; this was our reason for adopting our
notation for the closed E-critical locus.

While we shall not need it in this paper, it is possible to show that, in special cases, there is a reasonable
notion of the (non-closed) critical locus X g(hq, ..., hx) which depends only on the restriction (hq, ..., hx) of
(ha,..., hy) tom(E), and Sg(ha, ..., hy) = Sg(h, ..., hy). In particular, this is the case when H is complex
analytic and E = SS(F*).
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Lemma 4.8. Suppose that Z is an analytic subset of U such that f is not constant on any irreducible
component of Z. Let M be an open dense subset of Zeg. Then, for allp € Z,

(T3 ), + (dpf) f{w+adpf|a€(Cw€(T;[)}C( )
and, if dpf &z (TJ’\"/[U)p, then this containment is an equality.

Proof. Since f is not constant on any component of Z, M’ := MfE(f‘M) is dense in Z. Thus, T3,U =T} U,
and T U=T: U.
fine f\AJ/
Consider 1 := w + ad,f € (T3, U ) + (dpf), where (pi,w;) € TipU and (pi,w;) — (p,w). Then, 1; :=

w; + ady, fe (T}‘ U) , and 1; — 7. Therefore, the containment holds.
(Y3

Pi

Suppose now that d,f ¢ (TZT/IU) , and that 7 € (TJ;~k U)p (T* Z/{)p. Then, there exists an analytic
M \M/

path (p(t),m;) € T: U such that p = p(0), n = no, and, for t # 0, (p(0),n:) € T}fl U. Hence, for

f‘]VI M
t#0, m = ws + A(t) p(t)f, where A(t) € C and w; € (T;IU)p(t), and A(t) and w; are uniquely determined.
Evaluating at p/(t), we find that, for t # 0, 0. (p'(t)) = )\(t)dp(t)f(p’(t)), and so A(t) is a quotient of two
analytic functions. Therefore, there are two possibilities as ¢ — 0: either A(t) approaches some a € C, or
[A(B)] — oo
If \(t) — a € C, then w; — 1 — ad,f, and n = (n — ad,f) + ad,f € (T3, U ) + (d,f). We claim that
dof ¢ (T;(/[Z/l)p implies that the case |A(t)| — oo cannot occur. Once we show this, the proof will be finished.
If |A(t)] — oo, then, as n; — 7,
Wy

@ p(t f 07

()

df = iy (- ) € (T,

ie.,

O
Lemma 4.9.
1. SSp(F*) + {dpf) C [(T7,..U)"[, U SS,(F*).

)= SS,(F*) + (d, ).

f,F

2. Suppose that p & Yge f. Then,

(7 atd)”

Proof.
Proof of Item 1:

Suppose that n € SS,(F*) + <dpf>. Then, n = w + adpf, where ¢ € C and w € (Tgﬁ)p for some
S € 6(F*®). Then, there exist (p;,w;) € T$U such that (p;,w;) — (p,w). There are two cases.

If f is constant on S, then (p;,w; + ad,, f) € TiU. Hence, n = w + ad, f € (Tgﬁ)p C SS,(F*). If f is

not constant on S, then Lemma 4.8 implies that n € |(T;F. Z/l).|p.

Proof of Item 2:
Note that if S € &(F®) and f|, is constant, then Proposition 4.3 implies that S C S« f; hence, by our
hypothesis, p ¢ S. Therefore,
s, =) | T

SEG(F*)
f‘s;é const.
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Now the result follows immediately from Lemma 4.8 and the definition of (Tf* U)*. o

JFe

Proposition 4.10. There is an equality of sets
Spe(f,9) = Swef U [Ty 5(F*)|.

Proof. Suppose that p € Xpe f. Then, it follows immediately from Item 2 of Lemma 4.9 that p € S (f, J)
if and only if p € }I‘f@, (F‘)| Therefore,

Sre(f,9) —Swef = |Tp5(F*)| - Zpe

Now, take the union of both sides above with Yy f, and use that Yge f C Lpe (ﬂg). O

Remark 4.11. Note that is no claim in Proposition 4.10 about Y f and |1"f,§(F‘)| intersecting in some
nice way. In fact, in Remark 4.15, we give an example where these two sets are equal. However, if |I‘ f$§(F')|
is 1-dimensional and f is not constant along any component of ‘I‘ +,5(F*®)|, then Proposition 4.3 implies that
the intersection of Xge f and |T's,5(F*®)

We also want to return to the topic of symmetry that we first discussed in Remark 3.5. By Proposition 4.10
and the symmetry of the definition of the closed critical locus, we have that

is either empty or consists of isolated points.

Spef U D 5(F*)| =Speg U [T, 7(F*)].

By Proposition 4.3, f and g are constant along the components of Yge f and Ygeg, respectively. It follows
that the symmetric components of |T'y ;(F*®)| and |Fg f(F‘)| are the same.

Note, however, that even in the classical case where we look at germs at the origin, f is fixed, and g
is chosen to be a generic linear form, it is, in general, false that there is an equality of sets |F f,g(F')| =

|Fg f~(F°)|. Suppose, for instance, that dimg Xge f > 2. For a generic linear form [, either X ge [ will be empty

or the origin will be an isolated point in Xge[; furthermore, Proposition 3.13 implies that ’I‘f,g(F')
1-dimensional at the origin. However,

is purely

[Tg.7E)| = Treg U [0y 7(F*)| = Bpef U [Tp4(F°)

is, at least, 2-dimensional at the origin.

We now need to prove our main technical lemma.

Let D, denote an open disk of radius J, centered at the origin, in C. For positive p,d,e € R, let

o o o o
N§, = BN gt (Ds) N fHD,), let P§ , be the restriction of (g, f) to a map from Nj , to D, x D,, and
let (F*®)5 , denote the restriction of F* to N§ ,- Let r : U — R be the “squared distance from the origin”
function r = |z|2 + - - + |zn|%.

Lemma 4.12. Suppose that dimg V() N |I‘f,§(F')| < 0. Then, there exists ey > 0 such that, for all €1 and
€2 such that 0 < ea < €1 < €, there exist 5, p > 0 such that

1. for allp € N§\ — B,
R = \R
dpr & (SSp(F*)+ < dpg, dpf > )
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2. forallp e (Ng)lp — éez) —Ype f, in particular, for all p € (Ng,lp - éez) —V(f), for all (a,b) € C>—{0},
Re(ad, f 4 bd,pd) & (SS,(F*)F + (d,r)F.

Proof.
Proof of Item 1:

Let Y be the set of p € U such that there exists non-zero (c,b) € R x C such that cdpr + Re(bd,g) €
(T u)'|f. By Lemma 4.5, Y is closed in U. Let Z be the set of p € U such that

f.F®
dyr € (SS,(F*)+ < dpg, dpf > )"

Let B} := B, —{0}.
We shall prove Item 1 by proving that there exists ¢y > 0 such that

a. BL,NY NV(f,9) = 0
b. B NZ-V(f)C B NY —V(f); and
c. for all €7, €5 such that 0 < €5 < €1 < €p, there exists 8’ > 0 such that

(B, —B,)NZn0g ' (D,) NV (f) = 0.

We will first show how Items a, b, and ¢ imply Item 1. We will then show that Items a, b, and ¢ hold.
Assume Items a, b, and ¢, and let €1, €3 be such that 0 < €3 < €1 < €y. Let 6’ be as in Item c. As Y is

closed, (B¢, — éw) NY is compact. Thus, since (B¢, — ém) NY NV(f,g) =0 by Item a, there exist p,d” > 0
such that

() (B, — Be,) NY Mg (D,,) N f1(D,) = 0.

Fix such p and §”. Fix ¢ such that 0 < 6 < min{d’,d"”}. We wish to show that (N(;lp - 562) Nz =10.

Suppose that p € (Ngjp — éeg) NZ. Then, p ¢ V(f) by Item c. However, then, Item b implies that p € Y; a
contradiction of (7).

Now we will show that we may pick ¢y > 0 so that Items a, b, and ¢ hold. Choose ¢; > 0 such that, for
all € such that 0 < e < ¢y, OB, transversely intersects all of the strata of &. Then, for all p € B, — {0},
dyr € (SS,(F*))®. Similarly, we may also choose ¢y > 0 so that, for all € such that 0 < e < ¢, for all

pE (BGO - {0})a
dyr & (SSp(1¢[=1]F®))" U (S8, (1g [~ 1]F*))™ U (SSp ([~ 1w [-1]F*))".

Combining the paragraph above with Proposition 4.3 and the equivalences at the beginning of Theorem 3.12,
and using our hypothesis that dimo V(f) N |Tf,5(F*)| < 0, we may pick €y > 0 such that

i Bf NZpef CV(f);
ii. B ﬂfwf[_lw.g = {
iii. for all p € BZ |

dyr & (SSp(F*))* U (S8, (1 [-1F*))" U (SS, (10 [-11F*))* U (S8 (g [ 1o [-1]F*))*.
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Proof of Item a:
Suppose that we have non-zero (c,b) € R x C and p € B} N V(f,g) such that cd,r + Re(bdpg) €
|(Tf*F.Z/{).|§ = (95, (v [—1]F*))¥, where the last equality follows from Theorem 3.7. If ¢ = 0, then d,g €

SSp(Yr[—1]F*®), ie., p € iwfmu«-'g’ which contradicts Item ii. Thus, ¢ must be unequal to zero, and so

dpr € (SSp(Yr[-1]F*)+ < dpg >)®. As dpg & SS,(1s[-1]F®) and p € V(g), by Lemma 4.9, Item 2,
SSp(r[—1F®)+ < dpg >= SSp(¢y[—1]1¢[-1]F*®). However, d,r € SSy,(¢g[—1]ts[—1]F*) contradicts Item
iii. This proves Item a.

Proof of Item b:

Suppose that p € BX NZ —V(f), i.e., p € B —V(f) and there exists b € C such that d,r + Re(bd,g) €
(SS,(F*)+ < d,f > )". By Item i and Lemma 4.9, Ttem 2, SS,(F*)+ < d,f >= (T7..U)°
d,r + Re(bd,g) € |(T* Z/l)'|§. Hence, p € Y, and we have proved Item b.

f.F®

» and so

Proof of Item c:
Let W be the closed set

u)*

P VI 1)

LU SS,(17[~1]F*) U S5, (F*)").

[~1]F®*F®

W:={pelU|dye (|(T:,¢f
By Item iii and Theorem 3.7, B "W NV (g) = (. We also claim that
) BI,NZNV(f)C B, nWAV(f).

For p € Z if and only if there exists a non-zero b € C such that d,r + Re(bd,g) € (SS,(F®*)+ < dpf >)F,
and, by Item 1 of Lemma 4.9,

SSp(F)+ < dpf >C [(T7,U)"| U SS,(F*).

If p € V(f), then Theorem 3.7 implies that |(T* L{).’p = 5SS, (¢s[—1]F*). Now, () follows at once.

f.F
Let €1, €2 be such that 0 < ez < €1 < €g. Then, since B NWNV (g) = () and W is closed, (B, —EQ)OW
is compact and (B, —éez)ﬂWﬂV(g) = (). Thus, there exists &’ > 0 such that (B, —éez)ﬂWﬂg_l(Iﬁ)s,) = 0.
Finally, we conclude that

(B, — Bo,) N Z0 g7 D,) NV(f) C (Bey — Bey) "W g~ (D,) NV (f) =0,

which proves Item ¢, and concludes the proof of Item 1 from the statement of the lemma.

Proof of Item 2:
Assume that dimo V' (f) N|Ts,5(F*)| < 0. Pick eg > 0 so that Be, N1V (f)N|T'y,5(F*)| € {0}. This means
precisely that

(+) (B —{ON)N{p et [ dpg € (T U)*| }NV(f)=0.

f.F®

Let €; and €5 be such that 0 < €5 < €1 < €p, and assume that p and § are such that Item 1 holds. Then,

(Be, — Be,) NV (f) N |T15(F®)| = 0.

As (B, — 562) N |Ts,5(F*)| is compact, it follows that we may re-choose p, smaller if needed, so that

(1) (Be, — Be,) N 1 (D,) N [Ty 5(F)] = 0.
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We claim that Item 2 holds.
To see this, let p € (Ng’lp - éez) — Y. f, and assume that we have (a,b) € C? — {0} such that

Re(ady, f + bd,g) € (SS,(F*)F + (d,r)F.
Then, there exists a real number ¢ such that
cdyr 4 Re(ad, f + bd,g) € (SS,(F*)E.
If ¢ # 0, we may divide by ¢ and obtain a contradiction to Item 1. Thus, ¢ must equal 0, and so
ady, f + bdpg € SS,(F*),

ie,pé€ EF-(f, J), which by Proposition 4.10, is equal to Xge f U ’I}yg(F')
and the fact that p € Yge f. O

. This is a contradiction of (f)

As before, for €,4,p > 0, let N§ , := B ﬂg_l(]ﬁ)é) N f_l(]lo)p). Let (F*)5 , be the restriction of F* to Nj
and let 7§ , be the restriction of the map (g, f) to a map from N§ , to ]]3)5 X ﬂ%)p.

Theorem 4.13. (The Derived Category Discriminant Theorem) Suppose that dimg V (f) N |T'y,5(F*®)| < 0.

Then, for all sufficiently small € > 0, there exist §,p > 0 such that the (derived) push-forward A® :=
(T5 ,)«(F*®)5 , is complex analytically constructible with respect to the stratification given by

{D; x D, — Ape (3, /), (D, xD,) N Ape (3, f) - {0}, {0}}.

Proof. Fix choices of €y, €1, €3, 4, and p as in Lemma 4.12. Pick € so that e < € < €;. Let G® be the
restriction of F* to Y :=B,, Ng~'(D;) N f~1(D,). Let h be the restriction of (g, f) to a map from Y to

]B)é X ]B)p. Then, by applying Item 1 of Lemma 4.12 and Proposition 8.5.8 of [6] to G*® (where the ¢ and f of
[6] are our r and (g, f), respectively), we immediately conclude that A*® is complex analytically constructible.

As Ape (gﬁf) is either empty or a curve, to show that A® is constructible with respect to the given
[e] [e]
stratification, one has only to show that the cohomology of A*® is locally constant at points in D; X D, —
~ [e] [e]
Are (g, f). Let q := (uo,v0) € D; x D,; it suffices to show that SS,(A®) = {0}.

In the following, we use the real structure in each of the statements. Proposition 8.5.8 of [6] implies
Proposition 5.4.17 of [6]. Item ii, part d, of this latter proposition tells us that

55,(A®) C U {adpg + bd, f € SS,((F®)5,) | (a,b) € C?}.
pEBNg~1(uo)Nf~1(vo)

If p €§e, then SS,((F*)5,) = SSp(F*®), and so {ad,g + bd,f € SSp((F®)5.,) | (a,b) € C?} = {0} as
p & Spe(f,g). If p € dB,, then, by Proposition 5.4.8 of [6], SSp((F*)5,) € SS,(F*)+ < dpr >, and so

{ad,g + bd,, f € SS,((F*)5,) | (a,b) € C?} = {0} by Item 2 of Lemma 4.12. O

Definition 4.14. We refer to A® in Theorem 4.13, for €, §, and p as in the theorem, as the discriminant
complex of (g, f) with respect to F°.
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Remark 4.15. The assumption that dimo V' (f)N|T's,5(F*)| < 0 s crucial in Lemma 4.12 and Theorem 4.13.
Consider the classic example of the map H := (3, f) = (g,f) : C* — C2? given by g(z,y,t) = = and
f(x,y,t) = y? — ta?, where it is not possible to stratify the domain and codomain in order to obtain a Thom
map. The (ordinary) discriminant of H is simply the origin and, yet, for 0 < §, p < € < 1, the isomorphism-
type of the cohomology of the fibers B, N H ~!(a,b) is not independent of the choice of (a, b) € ]10)5 X }B)p —{0}.
I't3(F*)| = V(z,y) and so the condition that dimg V'(f)N

The reader should verify that, in this example,
|1"f,g(F')| < 0 does not hold.

The following corollary is the technical justification for being able to prove results “upstairs” by using
arguments “downstairs”.

Corollary 4.16. Let W := ]]3)5 X ]Io))p (from Theorem 4.13). Let D := ]Io))(S x {0}, and denote other irreducible

components of (I([)))J X ]]3),)) NAps (g, f) by C. Let THW = TE_{O}W and TEW = T(’S_{O}W. Let A® be as in
Theorem 4.13.

Then, using (u,v) as coordinates on W, for all k, we have isomorphisms

1.
H* (o[~ 110 [-1]A®%)o = H"(¢g[—1]0¢[~1]F*)o,
2.
H" (¢ [-1]9pu[~1]A®)0 22 H" (¢ ¢[—1]tbg[-1]F*)o,
3.
H* (u[~1]¢u[~1]A®)o = H* (g[—1]¢[~1]F*)o,
/.
Hk_l(Fv,O’va(u),O;A')o o Hk—l(Ff’O,Fflv(Wo;F-)’
and
5.
Hk_l(Fu,o7Fu|v<U)70;A')o = Hk_l(ng,Fg‘v(”o;F')-

In addition,

gecc(A®) = mfy, [Ty, W] + m]fo} [T{*O}W] +mh [TpW] + Z me [TeW],
c
where m%, = H*(1py[—1]¢;[—1]F®)o, and the m are determined by the fact that Y- m¢ [C] is equal to the
proper push-forward, via (g, f), of the enriched cycle (]T}c75~7(F'))]~C (intersected with N§7p).

Proof. Recall the set-up from Theorem 4.13. For simplicity, we will write IV in place of N§ ,» I in place of
Ty and F* in place of (F')f;, o We assume that € > 0 is chosen so small that, below, for all of the complexes
on subsets of X, the stalk cohomology at the origin is isomorphic to the hypercohomology inside B..

The first five isomorphisms all follow from standard natural isomorphisms, combined with the fact that

T is proper. We will prove isomorphism 5, and leave the remainder as exercises.

Let i be the inclusion of N — V(f) into NV, 7 the inclusion of W — V(v) into W, and T the restriction of
T to a map from N — V(f) to W — V(v). Hence, the maps ¢, T', 7, and T form a Cartesian square. Both T
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and T are proper, and so there are natural isomorphisms 7} 2 T, and T} = T.,. Let T’ denote the restriction
of T to a map from N NV (g) to V(u).

Now, we have

s A%)o 22 H (9, [—1]ii' A®)o = H¥ (1 [—1]iid' TLF®)o = H* (v, [~ 1] TLi'F*)g =2

Hk_l(Fu,0>Fu‘v(u),07
H* ([~ 10T F*)o = H* (¢ [=1](0 0 T)i'F*)o 22 H* (4h[-1](T 0 )1i'F*)o = H* (¢u[~1]T2i1i'F*)o =
HY(Tutpuor [~ 1iri'F*)o = H"(Tuthy[~1)iri'F*)o = H* (Be NV (g, f); g [~ 1)iri'F*) = H" ([~ 1]ti'F*)o =
HFL(F, o, nguyo;F')'

This proves the isomorphism in Item 5.

We will now prove the claim about the graded, enriched characteristic cycle of A®. By definition,
mk = H* (1, [~1]¢p»[-1]A®)o, which is isomorphic to H¥(,[—1]¢;[—1]F*)o by Item 3.

Let C be as in the statement of the theorem, and consider a point (a,b) € C — {0}. As the intersection
of C and V(v — b) is transverse at (a, b), m% is isomorphic to

k Ld ~ k °
H (¢U*a[_1](Alv<wb) [_1}))((1,1;) =H (%*a[_lwv*b[_l]A )(a,b)'
By Item 1, this last quantity is isomorphic to
@Hk(¢g—a[_1]wf—b[_1]F.))pv
where the sum is over all p € N Nsupp ¢g—q[—1]105—s[—1]F*. By Theorem 3.12, this is isomorphic to
o\ K
D ([T15F)) 0 V(F -1b),,

where p € NN |T;35(F*)|NV(g—a, f—b). This is precisely the definition of the degree k Morse module of
C' in the proper push-forward, via (g, f), of the enriched cycle (F},g (F'))k. a

Definition 4.17. The graded, enriched cycle ) m [C] defined above is the graded, enriched Cerf
diagram of (g, f) with respect to F°.

The graded, enriched cycle my[D] + )" mg [C] defined above is the graded, enriched discriminant
of (g, f) with respect to F°.

Given the previous lemma, the proof of the following lemma proceeds exactly like classical discriminant/
Cerf diagram arguments.

Corollary 4.18. Suppose that dime V(f) N |Tyz(F®)| < 0. Let (f}c@(F')). denote the components of
(F},g(F’)). which are not contained in V(g). Then,
1. ~ .
Hkil(FfaO’Ff\v(ng; F?) = ((F;,Q(F.)) © V(f))o;

H*~(F, 0, F,

Ilv sy

0 F*) = ((Th,(F*)" 0 V(g)),: and
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HE (67 [-1]6,[-1]F*)0 = ((T}4(F)" 0 V(g)y @ H*(wy[-1]6s[~1]F*)o.

Proof. Now that we have Theorem 4.13, the proof of each item is obtained by looking at the relative

hypercohomology of a complex disk modulo a point, and using that this relative hypercohomology splits as
[e] [e]

a direct sum. One “sees” the results by looking at “pictures” in D; x D, ; exactly as in the case where F* is
the constant sheaf on affine space and g is a generic linear form. The discriminant/Cerf diagram arguments
remain the same, except that it is no longer true that the components of the Cerf diagram are tangent to
the horizontal axis at the origin, i.e., it is not necessarily true for each component C' of ’(F f@(F')). that
(C-V(f)o > (C-V(g))o-

Of course, the pictures are actually drawn in R?, and so a line segment represents a complex disk (but a
point still represents a point). The three relevant pictures, in order, are:

N

Remark 4.19. If dimg V(g)N ‘Fﬁg(F’)‘ <0, then (ff,g(F')). = (Fﬁg(F'))., and Item 1 of Corollary 4.18,
combined with Theorem 3.12, yields an isomorphism between the cohomology H* (F o, F' Ty (g0 F*[—1]) and

H*(¢4[—1]10§[—1]F*®)o; this isomorphism is not natural. In particular, the Milnor monodromy of f typically
induces completely different automorphisms on these two cohomologies.

Corollary 4.20. The following are equivalent:

1. 0¢|Ty5(F*)|;

)

2. for allp € V(f,g) near the origin, H*(¢4[—1]¢[-1]F®), = 0;
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3. dimg V(f) N [Ty 5(F*)| <0, and H*(¢y[— 1004 [-1]F*)g = 0;

4. dimg V(g) N [Ty 5(F*)
H* (Ff|v(g) )0; F')’.

< 0, and inclusion induces an isomorphism between H*(Fygo;F®) and

5. dimg V(g) N |Ty5(F*)
H(Fy, ;)00 F);

IN

0, and inclusion induces an isomorphism between H*(Fyo;F®) and

6. dimo V(g) N |Ty5(F*)

<0, and H*(¢¢[—1]1pg[—1]F*)g is isomorphic to H*(Yg[—1]¢s[—1]F*®)o.
Proof. This is immediate from Lemma 3.10, Theorem 3.12, and Corollary 4.18. O

The above corollary has a more familiar feel in the classical case, where § is a generic linear form. Recall
that, in Proposition 3.13, we showed that, if [ is a generic linear form on U, then, dimo V' (f) N ’I‘f);(F')| <0
and dimg V() N ‘Ff}[(F')‘ < 0. Thus, Corollary 4.20 immediately yields:

Corollary 4.21. The following are equivalent:

1. there exists a non-zero linear form | such that 0 & |1"f,[(F')

2. for generic linear [, 0 & |I‘f7[(F’)|;
3. for generic linear I, H*(¢([—1]¢s[—1]F*)o = 0;
4. for generic linear [, inclusion induces an isomorphism between H*(Fy o;F*®) and H*(Ff\vuwo; F*);

5. for generic linear I, inclusion induces an isomorphism between H*(F} o; F®) and H*(F[‘Vm 0, F*);

6. for generic linear |, H*(¢¢[—1]t([—1]F®)q is isomorphic to H*(1([—1]¢¢[—1]F®)e.

Remark 4.22. Suppose that X = U and F* = Z;, throughout this remark.
Then, H*(Fi0; F*) has the cohomology of a point and H* (F[lv(f) 0; F*) is the cohomology of the complex
link of V'(f) at 0. Hence, the equivalence of Item 2 (or Ttem 1) and Item 5 of Corollary 4.21 is a generalization

of the well-known result that the cohomology of the complex link of V(f) at 0 is isomorphic to that of a
point if and only if the relative polar curve is empty (in a neighborhood of 0).

Suppose now that we also have that dime X f = 1. Then, for generic [, f|, | has an isolated critical point
at the origin, and H*(¢¢[—1]¢[—1]F*)e is isomorphic to the (shifted) reduced integral cohomology of the
Milnor fiber at the origin of f|,, . On the other hand, H*(¢i[-1]¢¢[—1]F*)o is isomorphic to the direct
sum of the reduced integral cohomologies of the Milnor fibers of f, (_r» Where the sum is over all points

P €B. NXfNV([—t) for 0 < |t| < € < 1. Therefore, the equivalence of Ttem 2 (or Item 1) and Ttem 6 of
Corollary 4.21 is a generalization of the well-known result that the Milnor number of a generic hyperplane
slice equals the sum of the Milnor numbers in a nearby hyperplane slice if and only if the relative polar curve
is empty (in a neighborhood of 0).

5 An Application to Thom’s a; Condition

By combining our results from [19] with Theorem 3.12, we can relate the polar curve to Thom’s a; condition.
Essentially what we prove below, in Theorem 5.7, is that, if a stratification satisfies the as condition, except
perhaps at a point p on a 1-dimensional stratum, then the stratification satisfies the ay condition at p if and
only if, for some affine linear form [, the polar curve of (f,I) at p is empty.
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However, we do not actually need to start with a stratification, for we do not need the condition of the
frontier. Also, of course, we want such a result with respect to a complex of sheaves. So, we need to make a
number of preliminary definitions before we can state and prove our precise result.

Suppose that M and N are complex submanifolds of U.

Definition 5.1. The pair (M, N) satisfies Thom’s aj condition at a point z € N if and only if there
is an inclusion, of fibers over z, (Ti‘ U) - (T’f U)
Fiae fin

T = x’
The pair (M, N) satisfies Thom’s aj condition if and only if it satisfies the aj condition at each
point x € N.

Remark 5.2. Note that if f is a locally constant function, then the a 7 condition reduces to condition (a)
of Whitney.

The a; is condition is important for several reasons. First, it is an hypothesis of Thom’s second isotopy
lemma; see [20]. Second, the a 7 condition, and the existence of stratifications in which all pairs of strata
satisfy the a 7 condition, is essential in arguments such as that used by Lé in [9] to prove that Milnor fibrations
exist even when the domain is an arbitrarily singular space. Third, the a; condition is closely related to
constancy of the Milnor number in families of isolated hypersurface singularities; see [11].

There are at least two important general results about the a7 condition: the above-mentioned existence
of af stratifications, proved first by Hironaka in [5] and then in a different manner by Hamm and Lé,
following an argument of F. Pham, in Theorem 1.2.1 of [4], and the fact that Whitney stratifications in

which V(f) := f71(0) is a union of strata are aj stratifications, proved independently by Parusiski in [21],
and Briangon, P. Maisonobe, and M. Merle in [1].

We can easily prove the following:

Proposition 5.3. Suppose that p &€ Ygef. Let M and N be analytic submanifolds of U such that T5,U
is an irreducible component of SS(F*), and such that (M, N) satisfies Whitney’s condition (a) at a point
peN.

Then, (T]f‘ L{)p C (THU)p+ < dpf >. In particular, if f is locally constant on N at p or if p & Z(ﬁN),
M
then (M, N) satisfies Thom’s aj condition at p.

Proof. By replacing & with a small neighborhood of p, we may assume that N is connected and closed in
U. Note that, as T,U is an irreducible component of SS(F®), M is connected, M C X, and f,, = f|,,-

There are 2 cases to consider.

Case 1: f is constant on M.

By Whitney’s condition (a),

(T; 1), = (T3dh), € (T3U), € (TRU)  + < dp >

Case 2: f is not constant on M.
Since p € Ype f and T;,U is an irreducible component of SS(F*®), Lemma 4.8 tells us that (T;f‘ Z/l)p =
(T]’C[U)p+ < d,f >, and so, using Whitney’s condition (a) again, we have

(T}, ), = (T3U),+ < dypf >C (Tilh)p+ < dyf >,

=
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Definition 5.4. A collection W of subsets of X is a (complex analytic) partition of X if and only if
W is a locally finite disjoint collection of analytic submanifolds of U, which we call strata, whose union is
all of X, and such that, for each stratum W € W, W and W — W are closed complex analytic subsets of X.

In this paper, we assume that all of the strata of a partition are connected.

A partition W is a stratification if and only if it satisfies the condition of the frontier, i.e., for all
W e W, W is a union of elements of W.

Below, we extend our earlier definition of F*-visible strata to the case of a partition which may not satisfy
Whitney conditions.

Definition 5.5. A partition W of X is an F*-partition provided that
SsE*)c |J Tru.
Wew
If W is an F*-partition, then a stratum W € W is F*-visible if and only if T\U C SS(F*). We let
W(F®) :={W eW | W is F*-visible}.
Remark 5.6. The reader should understand that the point of an F*®-partition WV is that, for each F*®-visible

stratum S in &, there exists a unique W € W such that S = W and, hence, T*U =T} U. It follows at once
from this, and the definition of F*-visible strata of W, that, if W is an F*-partition, then

SSEe) = |J Tiu
WeW(F®)

We can now give our result on Thom’s a; condition and the relative polar curve.
Theorem 5.7. Suppose that

a. W is an F®-partition of X;

b. W' is a Whitney (a) partition of V(f);

c. 0eTeW and dimT = 1;

d. for all W € W(F®) such that W L V(f), for all W' € W' such that W' # T, (W, W') satisfies the ay
condition.

Then, the condition:
(1) for all W € W(F*®) such that W Z V(f), (W, T) satisfies the ay condition

is equivalent to all of the conditions in Corollary 4.21; in particular, it is equivalent to: there exists a non-zero
linear form [ such that O & Tz, (F*®)|.

Proof. Let W, = {W' e W' | W # T}. By Corollary 3.9 of [19], our hypotheses imply that, if
p € W € Wi, and ' is a non-zero linear form such that V(I' — l'(p)) transversely intersects W' at p,
then p & supp ¢y _y () [~ 1]y [ 1]F°.

Assume (1). By Corollary 3.9 of [19], ¥;[—1]F*® is ¢-constructible with respect to W'. In particular,
this implies that, if [ is a non-zero linear form such that V(I) transversely intersects T' at 0, then 0 &
supp ¢([—1]1¢[—1]F*. This implies Item 3 of Corollary 4.21.

Assume Item 3 of Corollary 4.21. Fix a non-zero [ such that V(I) transversely intersects 7' at 0 and
H*(¢([-1]¢f[—1]F®*)o = 0. As W’ satisfies Whitney (a), V([) transversely intersects all of the strata of
W' in a neighborhood of 0. Thus, by the first paragraph of the proof, 0 ¢ supp ¢([—1]v¢[—-1]F®*. As
T is 1-dimensional, this, together with the first paragraph of the proof, implies that ¢ ;[—1]F* is weakly
¢-constructible with respect to W’. By Corollary 3.9 of [19], this implies (}). O
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6 Families of Isolated Critical Points

In [14] and [17], we discussed continuous families of constructible complexes of sheaves. We wish to revisit
our results in those works, and show how the proofs and results can be greatly improved by using the main
theorems of this paper.

We continue to let f and § be analytic functions from U to C, and we let f and g be their respective

restrictions to the analytic space X. We continue with F*® being a bounded, constructible complex of sheaves
of R-modules on X.

Throughout this section, we consider that F* and g define a family (a g-family) of constructible complexes
by setting F? := F"V( )[—1], for each a € C. We also consider the family of functions f, := f|v(g7a). As in
g—a

[14] and [17], we make the following definition.

Definition 6.1. The family F?, is continuous at a = a if and only if ¢g_q,[—1]F* = 0. The family F?, is
continuous at p € X if and only if there exists an open neighborhood of p in which ¢4_g(p)[—1]F* = 0.

The following is an additivity /upper-semicontinuity result. Recall our definition of the critical locus of a
function relative to a complex of sheaves from Definition 4.2.

Proposition 6.2. Suppose that the family ¥} is continuous at 0, and that dimg YXpsfo < 0. Then,

dimg Xps f < 1, and there exists an open neighborhood Q of 0 in U and § > 0 such that, if |a| < &,
then QN Xps fo is either empty or consists of a finite number of points and, for all k,

H (o5 [-1F)o = €D H (65, [-1]FD),.

pEQNZFs fa

Proof. As ¢4[—1]F* = 0in a neighborhood of 0, ¢, [-1]F§ = ¢[—1]1p4[—1]F*® near 0, and so the assumption
that dimg Xgs fo < 0 is equivalent to dimg supp ¢y[—1]1hy[~1]F® < 0. By Theorem 3.12, this implies that
dime V(g) N |I', 7(F*)| < 0 and

HY (5, [-1]F§)o = H*(¢4[~1]1y[~1]F*)o = (I} +(F*)* @ V(g)),-

Hence, there exists an open neighborhood €2 of 0 in &/ and § > 0 such that, if |a| < §, then QN V(g —a) N
T, 7(F*)| is either empty or consists of a finite number of points, and

(6, [~ 1]F8)o = D (O F) oVig-a),= @ HGnl-1F,

peEQNV (g—a)N|T, 7(F*)] PEQNT e fu

where the last equality follows again from Theorem 3.12, and using that, near 0, Yg.g C V(g). O

There is the trivial case:
Proposition 6.3. Suppose that the family F§ is continuous at 0, and that O & Xpg fo. Then,

1. 0¢ Spe f;

2. near 0, pg[—1](vy[-1]F*) = ¢9[_1](F|.V(f)[_1]) =0, i.e., Y[—-1]F*, and F\.vm[_l] are g-continuous
families at 0; and
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3. if M and N are analytic submanifolds of U such that T5U is an irreducible component of SS(F*),
such that (M, N) satisfies Whitney’s condition (a) at 0, and such that N C V(f), or 0 & X(f,), then
(M, N) satisfies Thom’s aj condition at 0.

Proof.
Proof of Item 1:
By Proposition 4.10,

Speg U [T, 5(F*)| = Spe(f,9) = Spe [ U [Ty 5(F°).

As 0 € Ypeg, there is an equality of sets |I‘g f(F°)| = Ypef U |Ff7g(F.)| near 0. As 0 ¢ e fo,
Proposition 6.2 implies that 0 & |Fg f(F‘)|. Item 1 follows.

Proof of Item 2:

It follows from the paragraph above that 0 ¢ |1"f_,§(F’)|. As |l"f_,§(F’)| is closed, we may apply Theo-
rem 3.12 at each point p near the origin in V(f, g) to conclude that, near 0, ¢4[—1](¢;[-1]F®) = 0. By Item
1, ¢¢[—1]F* = 0 near the origin, and so ¢ ¢[—1]F®* = F? [—1] near 0. Item 2 follows.

v

Proof of Item 3:

This follows immediately from Item 1 and Proposition 5.3. O

The following theorem contains generalizations of well-known properties/results that hold in the classic
case of families of isolated critical points of functions on affine space, including a generalization of the main
result of Lé and Saito from [11].

Theorem 6.4. Suppose that the family ¥3 is continuous at 0, and that dimg Xpg fo < 0.

Let C C V(f) be a locally irreducible curve which contains O such that, for all p € C near 0, the
isomorphism-type of H* (¢, [=1]F} )y is non-zero and equal to H*(¢1,[—1]F§)o. Then, in a neighborhood
of the origin,

1. C is smooth;

2. V() is smooth, and transversely intersects C;

3. 0 & [Dyg(F)|;
4. C=3pef =T, (F*)|;
5. dg[=1)(ds[-1]F®) = 0, ¢g[1] (10s[-1]F*) =0, and ¢y[-1](F},  [-1]) =0, i.e., ds[-1]F*, vy[-1]F*,

and F?

v

6. 55(6s[-1F*) = TaU;

[—1] are g-continuous families at O;

7. for all k, the sheaf cohomology Hk*1(¢f[—1]F’) is constant on C and, for all p € C, there is an
isomorphism of stalk cohomology H*~1(¢;[—1]F*), = H*(¢4,[-1]F)o ;

8. for all p € C, the Milnor monodromy automorphisms
T;g(p) »° H* (¢fg(p) [71]F;(P))p - H*((’bfy(p) [71} ;(P))p

are isomorphic to T}L,o» i.e., there are isomorphisms between H*(¢y, ., [=1]F5 ,))p and H* (¢, [~1]FF)o
which commute with the monodromy automorphisms; and
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9. if M is an analytic submanifold of U such that Ty,U is an irreducible component of SS(F*) and (M, C)
satisfies Whitney’s condition (a) at 0, then (M, C) satisfies Thom’s ay condition at 0.

Proof. As we saw in Proposition 6.2, the assumptions imply that there exists an open neighborhood € of
0 in U and ¢ > 0 such that, if |a| < 4,

)

pEQNV (g—a)n[T, ;(F*)] PENTrs Ta

H* (65, [-1]F3)o = D (O, ;F)) oVig-a),= O H'Gnl-1F,

Hence, the constancy of the isomorphism-type of H*(¢y, [— 1]F;(p))p along C implies that, near 0, C' =
Ty, 7(F°)
1 and 2.
As we saw in the proof of Proposition 6.3, near 0, I‘g7f(F')| =Ypef U |Ff,g(F') ; as we saw above, this
equals the irreducible curve C. As dimg V(g) N ’1"97];(F')‘ =0, dimg V(g) N |T's,3(F*)| < 0. By Lemma 3.10,
this implies that dime V' (f) N |Ts.5(F*)
and as Ff’g(F')‘ is contained in C' C V(f) near 0, we conclude that 0 ¢
D, f(F*)| =%pe f U [Ty 5(F°)
From Item 3 of this theorem and Theorem 3.12, we conclude that the stalk cohomology at the origin
of ¢g[—1] (’(/)f[— 1]F') is equal to zero. As we may apply this argument at each point near 0, we conclude
that ¢4[—1](¢#[~1]F®) = 0 near 0. From Item 3 of this theorem and Item 2 of Corollary 4.18, we find
that H*(Fy 0, Fg‘vm 0;F*)=0. As H*(B., F,; 0; F*) = 0, we conclude that H*(B. NV (f), Fglv(f)70; F*) =0,
i.e., that the stalk cohomology at 0 of gﬁg[fl](F‘ [71]) is zero. Since we may apply this argument at

v
each point near 0, we conclude that gbg[—l](F"V(f) [—1]) = 0 near the origin. As ¢,[—1](¢¢[-1]F*) =0 and
bg—1] (Fl.V(f) [—1]) = 0 near 0, the distinguished triangle relating the nearby and vanishing cycles implies

that ¢4[—1](¢s[—1]F°®) = 0 near 0. This proves Item 5.

, C is smooth at 0, and V' (§) is smooth at 0, and transversely intersects C at 0. This proves Items

< 0. As every component of ’1" #,5(F*)| has dimension at least one,
I't5(F*)|; this is Item 3. As

= C near 0, we conclude Item 4.

Item 6 follows at once from Items 4 and 5, together with the fact that dog # 0 by Item 2. Ttem 7 follows
immediately from Item 4 and the fact, from Item 5, that ¢g4[—1](¢¢[—1]F*) = 0 near 0.

Items 3 and 5 tell us that, in Theorem 4.13, A® := R(T} p)*(F’)g’ , 18 complex analytically constructible
with respect to the stratification given by {1]35 X J]C]))p - ]]3)5 x {0}, ]13)6 x {0}}. Using (u,v) for coordinates on
]13)5 X ]B)p, it is trivial that the Milnor monodromy on H*(¢,[—1](A?

[V (u—a)

for small |a|. As C' = Xg. f = supp ¢¢[—1]F* near 0, Item 8 follows.

Let M be as in Item 9, and let Y := M. If 0 € Y or if Y = C near 0, then Item 9 follows trivially. So,
suppose that 0 € Y and Y # C near 0. As Tj,U is an irreducible component of SS(F*®), Y is irreducible.
If f were constant on Y, then, as 0 € Y, Y would have to be contained in V' (f), and so we would have
Y C Tge f; this is impossible by Item 4.

Now, let E denote the exceptional divisor in the blow-up BL_, J;(T;IiL{) C T*UxP". We identify T*U x P"
with U x C"t1 x P™, and let o : U x C*! x P* — U x P™ denote the projection. Over a neighborhood of the
origin, Item 6 tells us that SS(¢¢[—1]F*®) = T:U. Now, by Theorem 3.4 of [18], o(E)N ({0} xP™) C P(T5U )o.
By Proposition 4.3 of [16], this implies that (M, C) satisfies Thom’s ay condition at 0. O

)(a,0) is constant (up to isomorphism)

Remark 6.5. The reader should compare the statements and the proofs from Theorem 6.4 with our related
results in [14] and [17]. Not only are our current results more general and stronger, the proofs are vastly
easier.

We also remark that Item 5 of Theorem 6.4 is useful for inductions. For instance, in proving results for
families of local complete intersections with isolated singularities.
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Recall the definition of the graded, enriched characteristic cycle from Definition 2.4. Let SS*(F*®) equal
the underlying set |gecc®(F®)|. This means that SS*(F®) = |JT&U, where the union is over those strata
S € & such that H*~?s(Ng,Lg; F*) # 0. We also set Sk f :={p € X | H*(¢;_ () [-1]F*), # 0}.

In Proposition 2.5 of [18], we explained how the perverse cohomology operator “H* works with graded,
enriched characteristic cycles; we showed there is an equality of enriched cycles given by

gecc” ("H"(F*)) = gecc®(F*).
This is a consequence of the fact that the perverse cohomology operator commutes with the [—1]-shifted van-
ishing cycle operator, and that, if p is an isolated point in the support of a complex A®, then H’ ("H’C (A‘))p
is isomorphic to H*(A®),, when j = 0, and is zero if j # 0.
The following corollary, which tells us that Theorem 6.4 applies one degree at a time, follows immediately

by replacing F* by “H*(F*) in each line, other than the first, in Theorem 6.4. Note, however, that the
conditions in the first line are not conditions on a fixed degree.

Corollary 6.6. Suppose that the family ¥3 is continuous at 0, and that dimg Xpg fo < 0. Fiz k € Z.

Let C C V(f) be a locally irreducible curve which contains 0 such that, for all p € C near 0, the
isomorphism-type ofHk(quy(p) [—1]F;(p))p is non-zero and equal to H* (¢4, [~1]F8)o. Then, in a neighborhood
of the origin,

1. C is smooth;
2. V(g) is smooth, and transversely intersects C;

3. 0¢ (L, (F*)"];

)

b O=TRTF = |1 )"

)

5. SSH(ps[-1F*) = TaU;

6. the sheaf cohomology Hk’1(¢f[—1]F‘) is constant on C' and, for all p € C, there is an isomorphism
of stalk cohomology H*=1(¢¢[—1]F*), = H* (¢4, [-1]F8)o ;

7. for oll p € C, the Milnor monodromy automorphisms
Tk . k ° k °
Ty, H (@500 [_1]Fg(p))1’ — H (b4, [_I]Fg(p))l’

are isomorphic to Tﬁ),m i.e., there are isomorphisms between H*(¢y, [-1]F},))p and H*(¢4,[-1]F8)o
which commute with the monodromy automorphisms; and

8. if M is an analytic submanifold of U such that Ty,U is an irreducible component of SSE(F*) and
(M, C) satisfies Whitney’s condition (a) at 0, then (M, C) satisfies Thom’s ay condition at 0.
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