
ITERATED VANISHING CYCLES

DAVID B. MASSEY

Abstract. If A• is a bounded, constructible complex of sheaves on a com-
plex analytic space X, and f : X → C and g : X → C are complex analytic

functions, then the iterated vanishing cycles φg [−1](φf [−1]A•) are impor-

tant for a number of reasons. We give a formula for the stalk cohomology
H∗(φg [−1]φf [−1]A•)x in terms of relative polar curves, algebra, and Morse

modules of A•.

1. Introduction

Iterated vanishing and nearby cycles have appeared previously in the literature,
notably in the work of M. Saito in [25], Sabbah in [24], and, in the motivic setting,
in the work of Guibert, Loeser, and Merle in [9]. Nonetheless, such constructions
and techniques may appear to be too abstract to be really useful in the down-to-
Earth study of singular spaces. We wish to explain how iterated vanishing cycles
arise in the study of the topology and geometry of singular spaces and functions on
those spaces, even if one is interested solely in cohomology with Z coefficients.

Suppose X is a complex analytic space, and Y is a closed analytic subspace of
X. Let j : Y ↪→ X and i : X − Y ↪→ X denote the inclusions. Then, the hyper-
cohomology modules Hk(X;Z•X), Hk(X; i∗i

∗Z•X), Hk(X; j∗j
∗Z•X), Hk(X; i!i

!Z•X),
and Hk(X; j!j

!Z•X) are isomorphic to the following ordinary integral cohomology
modules: Hk(X;Z), Hk(X − Y ;Z), Hk(Y,Z), Hk(X,Y ;Z), and Hk(X,X − Y ;Z),
respectively. In addition, if f : X → C is a complex analytic function, then the
complexes of nearby cycles, ψfZ•X , and vanishing cycles, φfZ•X , are important for,
at each x ∈ V (f) := f−1(0), the stalk cohomologies are, respectively, the integral
cohomology and reduced integral cohomology of the Milnor fiber Ff,x of f at x.
The language and results of the derived category allow us to treat all of these coho-
mology modules in a unified, elegant fashion. As general references, we recommend
[11], [6], [26], and Appendix B of [21].

Characteristic cycles are fairly coarse data that one can associate to a complex of
sheaves. Intuitively, they tell one the directions in which the Euler characteristic of
the cohomology changes, and what that change is. If one wishes to retain more data
from the complex, then, instead of considering the change in Euler characteristic,
one can consider the cohomological Morse modules in each degree (see Section 2).

One should think of the Morse modules as being “cohomological attaching
data” associated to how larger-dimensional strata are attached to lower-dimensional
strata, with coefficients in the given complex of sheaves. The characteristic cycle
and Morse modules are topologically important, for they are related to the local
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Euler obstruction (see [3]), the absolute polar varieties and local Morse inequalities
(see Theorem 7.5 and Corollary 5.5 of [17]), and index formulas for the vanishing
cycles (see [7], [23], [15]). In addition, the characteristic cycle of the intersection
cohomology complex is of great importance in representation theory (see [12] and
[1]).

The Morse modules of a complex of sheaves A• can be described in terms of
vanishing cycles of A• along functions with complex non-degenerate critical points.
This means that the Morse modules of the complex of vanishing cycles φfA

•,
contain iterated vanishing cycle data of the form φgφfA

•, where g is generic in
some sense.

Even for generic linear g, a formula for the Euler characteristic of the stalk
cohomology of φgφfA

• is not well-known – though it has appeared, in a slightly
different form, in Corollary 4.6 of [19] (the last formula in the statement), and
follows quickly from Theorems 3.3 and 5.5 of [7] and Theorem 3.4.2 of [2].

The formula for generic linear g led us to ask: what happens if g is not so generic?
The answer to this question is the main result, Theorem 5.1, of this paper. Not
surprisingly, the main result tells us that the computation of the iterated vanishing
cycles boils down to calculating the relative polar curve of f and g (in a general
sense), and the intersection multiplicities of its components with V (f) = f−1(0)
and V (g) = g−1(0).

Even though the general flavor of the theorem is not surprising, the precise result
is not at all obvious.

We will now wish to state our main result, and discuss its proof. This requires
us to first give some background results and notation.

Let U be an open neighborhood of the origin in CN , and let X be a complex
analytic subspace of U . For convenience, assume that 0 ∈ X. Let S be a complex
analytic Whitney stratification of X with connected strata. For S ∈ S, we let NS
and LS denote, respectively, the normal slice and complex link of the stratum S,
and we let dS := dimS.

Let R be a regular, Noetherian ring with finite Krull dimension (e.g., Z, Q, or C).
Let A• be a bounded complex of sheaves of R-modules on X, whose cohomology
is constructible with respect to S.

For each S ∈ S and k ∈ Z, we define (see Section 2) the degree k Morse
module of S with respect to A• to be the hypercohomology module mk

S(A•) :=
Hk−dS (NS ,LS ; A•) = Hk(NS ,LS ; A•[−ds]). We say that a stratum S ∈ S is A•-
visible if and only if there exists a k such that mk

S(A•) 6= 0. We let S(A•) denote
the set of A•-visible strata.

Suppose that we have two complex analytic functions f̃ and g̃ from (U ,0) to
(C, 0), and let f and g denote the restrictions to X. We let Sf (A•) denote the set
of strata S in S(A•) such that f|S is not constant.

Following our work in [22], for each stratum S ∈ Sf (A•), we define (see Sec-
tion 4) a relative polar set |Γf,g̃(S)| and, if this set is 1-dimensional, we define a
corresponding relative polar curve (as a cycle) Γ1

f,g̃(S); this relative polar curve
agrees with the traditional one in the case where g̃ is a generic linear form.
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We define
∣∣Γf,g̃(A•)∣∣ :=

⋃
S∈Sf (A•)

∣∣Γf,g̃(S)
∣∣ and, as a genericity condition, we

require

dim0V (f) ∩
∣∣Γf,g̃(A•)∣∣ ≤ 0.

This implies that we have a well-defined, purely 1-dimensional cycle, the relative
polar curve of (f, g̃), with respect to A•:

Γf,g̃(A
•) =

∑
S∈Sf (A•)

Γ1
f,g̃(S),

where each Γ1
f,g̃(S) =

∑
pC [C], for some collection of reduced curves C and positive

integers pC .

For all S ∈ Sf (A•), we also define Γ̂1
f,g̃(S) to be the sum of the components of

the cycle Γ1
f,g̃(S) which are not contained in V (g). For all S ∈ Sf (A•), we define

δf,g̃(S) :=
∑

C comp. of Γ̂1
f,g̃(S)

pC

((
C · V (f)

)
0
−min

{(
C · V (f)

)
0
,
(
C · V (g)

)
0

})
,

where C again denotes a reduced cycle.

Our main result is Theorem 5.1:

Theorem. Suppose that dim0 V (f) ∩
∣∣Γf,g̃(A•)∣∣ ≤ 0.

Then, for generic [σ : λ] ∈ P1, for all k ∈ Z,

Hk(φg[−1]φf [−1]A•)0 ∼= Hk(φσf+λg[−1]A•)0 ⊕
⊕

S∈Sf (A•)

(
mk
S(A•)⊗Rδf,g̃(S)

)
.

If g̃ is a generic linear form l, then

δf,g̃(S) =
∑

C comp. of Γ̂1
f,g̃(S)

pC

((
C · V (f)

)
0
−
(
C · V (l)

)
0

)
and Hk(φσf+λg[−1]A•)0 ∼= Hk(φl[−1]A•)0 ∼= mk

{0}(A
•). As we discuss in Re-

mark 5.5, this case allows us to quickly obtain Theorem 1 of [1].
Pencils of Milnor fibrations of the form σf + λg have been studied in detail by

Caubel in [4] and [5]. Caubel’s main technique, the “tilting in the Cerf diagram”,
first used by Lê and Perron in [16], was the essential idea that we used to see that
the main theorem of this paper is true, but the technical details needed to make
the tilting argument rigorous are formidable; our proof uses our technical result on
the enriched discriminant from [22].

2. Morse Modules

A general reference for stratified spaces, normal slices, complex links, and non-
degenerate covectors is [8]. For the statements below, regarding bounded, con-
structible complexes of sheaves and Morse modules, see [11] and Appendix 6.A of
[8].

Suppose that X is a complex analytic space, embedded in an open subset U
of CN . Let S be a complex analytic Whitney stratification of X with connected
strata. For each S ∈ S, let dS := dimS (the complex dimension).
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For S ∈ S, the conormal covectors to S are the elements of the cotangent space
to U which are zero on the tangent space to S, i.e., the elements of T ∗SU :=
{(p, η) ∈ T ∗U | η(TpS) ≡ 0}.

A degenerate convector at p ∈ S ∈ S is a covector η in the fiber over p in T ∗SU
such that η is the limit of convectors from a bigger stratum, i.e., such that there
exists a stratum S′ ∈ S, S′ 6= S, such that (p, η) is in the closure T ∗S′U .

Suppose that M is a complex manifold in U which transversely intersects a
stratum S in an isolated point p, let L : U → C be a complex analytic function
such that L(p) = 0 and dpL is a non-degenerate conormal covector to S at p (it
is standard to select L to be an affine linear function). Finally, suppose that L|S
has a complex non-degenerate critical point at p, i.e., that p is a critical point of
L|S and that the complex Hessian at p is non-singular, which is equivalent to the
Milnor number of L|S at p being 1.

Let Bε(p) denote a closed ball of radius ε, centered at p, in U . For 0 < |t| �
ε� 1, the (homeomorphism-type of the) pair

(NS ,LS) := (Bε(p) ∩X ∩M, Bε(p) ∩X ∩M ∩ L−1(t))

is independent of all of the choices made. The space NS is called a normal slice to
S and LS is the complex link of S.

Now, fix a base ring R which is a regular, Noetherian ring with finite Krull dimen-
sion. Let A• be a bounded complex of sheaves of R-modules, which is constructible
with respect to S.

Then, the degree k Morse module of S with respect to A•, is mk
S(A•) :=

Hk−dS (NS ,LS ; A•), and the isomorphism class of this module is independent of
all choices. Using the complex analytic function L and transverse manifold M from
above, we can express the Morse modules in terms of vanishing cycles

mk
S(A•) ∼= Hk(φL[−1]A•)p ∼= Hk−dS

(
φL|M [−1](A•|M )

)
,

where the shift in degrees comes from the Künneth formula and the triviality of
the set-up along the dS-dimensional stratum S.

Suppose that we continue to assume that L(p) = 0 and that dpL is a non-
degenerate conormal covector to S at p. But now, suppose only that L|S has
an isolated critical point at p, with Milnor number µ. Then, using the Künneth
formula, the cohomological form of the Fundamental Theorem of Stratified Morse
Theory – that the product of tangential Morse data with normal Morse data is
Morse data – yields:

Hk(φL[−1]A•)p ∼= Hk−dS
(
φL|M [−1](A•|M )

)
⊗Rµ ∼= mk

S(A•)⊗Rµ.

3. The Linear Case in C2

Suppose that we have a bounded, constructible complex of sheaves A• of R-
modules on an open subset W in C2. We use (u, v) for coordinates on C2. We
want to discuss the calculation of the cohomology of the iterated vanishing cycles
at the origin, Hk(φv[−1]φu[−1]A•)0, where we have written v in place of the more-
cumbersome, but technically correct, v|u−1(0)

. Note that

Hk(φv[−1]φu[−1]A•)0 ∼= Hk(φau+bv[−1]φu[−1]A•)0,
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for all b 6= 0, given that, in either case, we restrict the outside function to where
u = 0.

As this cohomology depends only on the germ of the situation at the origin, we
may assume that there exists a curve C =

⋃
i Ci, where the Ci are irreducible com-

ponents of C such that A• is constructible with respect to the Whitney stratification
with strata SW :=W−C, Si := Ci−{0}, and S0 := {0}. The corresponding Morse
modules, with respect to A•, will be denoted by mk

W(A•), mk
i (A•), and mk

0(A•).
Our goal, in this section, is to describe Hk(φv[−1]φu[−1]A•)0 in terms of the

Morse modules of the strata. As we shall see, mk
W(A•) plays no role.

Let Dε and Dδ denote closed disks, of radii ε and δ, centered at 0 in C. Let
P := Dδ × Dε. Then, by definition,

Hk(φv[−1]φu[−1]A•)0 ∼= Hk
(
{0} × Dε, (0, ε); φu[−1]A•

) ∼=
Hk
((

Dδ × Dε, Dδ × {ε}
)
,
(
{δ} × Dε, (δ, ε)

)
; A•

)
,

where 0 < δ � ε � 1. The hypercohomology of a pair of pairs has a technical
meaning which we discuss in the final section of this paper, in Lemma 6.1, where
we also show that

Hk
((

Dδ × Dε, Dδ × {ε}
)
,
(
{δ} × Dε, (δ, ε)

)
; A•

)
∼=

Hk
(
Dδ × Dε,

(
Dδ × {ε}

)
∪
(
{δ} × Dε

)
; A•

)
.

The nice thing about this last relative hypercohomology module is that it can
be computed via stratified Morse theory and “moving the wall” as in [8].

In pictures 1–8 below, we have drawn a dotted rectangle for the polydisk P :=
Dδ × Dε, black curves represent the Ci, which we have drawn as including the
u- and v-axes and, in picture 1, the blue (or thick black) line segments represent(
Dδ ×{ε}

)
∪
(
{δ}×Dε

)
. We then move

(
Dδ ×{ε}

)
∪
(
{δ}×Dε

)
through the entire

polydisk P as indicated in the pictures. Of course, these figures are drawn over the
real numbers, representing what happens in the complex situation.

(1)

u

v
(2)

u

v
(3)

u

v
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(4)

u

v
(5)

u

v
(6)

u

v

(7)

u

v

(8)

u

v

By complex stratified Morse theory, what this shows is that the relative hyper-
cohomology

Hk
(
Dδ × Dε,

(
Dδ × {ε}

)
∪
(
{δ} × Dε

)
; A•

)
is a direct sum of the local Morse data at the isolated stratified critical points,
inside the polydisk P , of L(u, v) = u+ sv, for 0 < |s| � δ.

We may assume that s is chosen so that d0(u+sv) is a non-degenerate convector
at 0; hence, the isolated critical point at the origin contributes a summand of
mk

0(A•). There are no critical points of L(u, v) = u+ sv on the stratum SW or on
the u- or v-axes.

Now, fix a component Ci of C which is not the u- or v-axis. Then, Ci can be
parameterized by

u = u(t) = α0t
p + α1t

p+1 + · · · and v = v(t) = β0t
q + β1t

q+1 + · · · ,

where α0 6= 0 and β0 6= 0. By changing the parameter t, we may assume that the
parameterization is of the form

u(t) = tp and v(t) = β0t
q + β1t

q+1 + · · · ,

or of the form

u(t) = α0t
p + α1t

p+1 + · · · and v(t) = tq.

The exponents p and q are the intersection numbers (Ci · V (u))0 and (Ci · V (v))0,
respectively.
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The local Morse data at the isolated stratified critical points of L(u, v) = u+ sv,
restricted to Si = Ci − {0}, contribute a direct summand of

mk
i (A•)⊗Rµi

to Hk(φv[−1]φu[−1]A•)0, where µi is the number (counted with multiplicities) of
critical points of

w(t) := u(t) + sv(t),

where t 6= 0, for (u(t), v(t)) in the polydisk P . Note that, as 0 < δ � ε, requiring
|u(t)| ≤ δ implies that (u(t), v(t)) is in the polydisk P .

Suppose that p > q. Then, we use u(t) = α0t
p +α1t

p+1 + · · · and v = v(t) = tq,
and obtain:

w(t) = stq + α0t
p + α1t

p+1 + · · ·
The critical points of L(u, v) on Ci occur at t values where

w′(t) = sqtq−1 + pα0t
p−1 + (p+ 1)α1t

p · · · =

tq−1
(
sq + pα0t

p−q + (p+ 1)α1t
p−q+1 + · · ·

)
= 0.

The critical points where t 6= 0 are, thus, the solutions of

tp−q(1 + α̂1t+ α̂2t
2 + · · · ) = −s

(
q

pα0

)
.

As 0 < |s| � δ, there are p− q =
(
Ci · V (u)

)
0
−
(
Ci · V (v)

)
0

solutions t 6= 0 such

that |u(t)| ≤ δ.
Therefore, the direct summand of Hk(φv[−1]φu[−1]A•)0 resulting from critical

points on Si is

mk
i (A•)⊗Rp−q = mk

i (A•)⊗R
(
Ci·V (u)

)
0
−
(
Ci·V (v)

)
0 ,

provided that Ci is not contained in V (u) or V (v), and that(
Ci · V (u)

)
0
>
(
Ci · V (v)

)
0
.

Suppose that q > p. Then, we use u(t) = tp and v(t) = β0t
q + β1t

q+1 + · · · , and
obtain:

w(t) = tp + s
(
β0t

q + β1t
q+1 + · · ·

)
.

The critical points are where

w′(t) = ptp−1 + s
[
qβ0t

q−1 + (q + 1)β1t
q + · · ·

]
=

tp−1
(
p+ s

[
qβ0t

q−p + (q + 1)β1t
q−p+1 + · · ·

])
= 0.

The critical points where t 6= 0 are, thus, the solutions of

tq−p(1 + β̂1t+ β̂2t
2 + · · · ) = −1

s
·
(

p

qβ0

)
.

As 0 < |s| � δ, there are no solutions t 6= 0 such that |u(t)| ≤ δ.
Therefore, there is no contribution to Hk(φv[−1]φu[−1]A•)0 resulting from crit-

ical points on Si.
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Suppose that q = p. Then, the arguments in either of the previous cases tell
us that there is no contribution to Hk(φv[−1]φu[−1]A•)0 resulting from critical
points on Si.

Suppose that Ci is not contained in V (u) or V (v), and we let

δi := (Ci · V (u))0 − min {(Ci · V (u))0, (Ci · V (v))0} .

Then, in all three cases above, p > q, q > p, and p = q, the contribution to
Hk(φv[−1]φu[−1]A•)0 from critical points on Si can be written as

mk
i (A•)⊗Rδi .

Hence, what we have shown is:

Theorem 3.1.. Suppose that A• is a bounded complex of sheaves of R-modules on
an open subset W in C2. Use (u, v) for coordinates on C2.

Let C =
⋃
i∈I Ci be a curve in W, where the Ci are the irreducible components

of C, and assume that A• is constructible with respect to the Whitney stratification
with strata SW := W − C, Si := Ci − {0}, and S0 := {0}. Let the corresponding
Morse modules, with respect to A•, be denoted by mk

W(A•), mk
i (A•), and mk

0(A•).

Let Î be the subset of indices in I such that, for i ∈ Î, Ci is not contained in
V (u) or V (w). For i ∈ Î, let

δi := (Ci · V (u))0 − min {(Ci · V (u))0, (Ci · V (v))0} .

Then,

Hk(φv[−1]φu[−1]A•)0 ∼= mk
0(A•) ⊕

⊕
i∈Î

(
mk
i (A•)⊗Rδi

)
.

4. The General Relative Polar Curve

We continue with our assumptions from the introduction. We suppose that U
is an open subset of CN , and let X be a complex analytic subspace of U . For
convenience, we assume that 0 ∈ X. Suppose that we have two complex analytic
functions f̃ and g̃ from (U ,0) to (C, 0), and let f and g denote their restrictions to
X.

Let A• be a bounded complex of sheaves of R-modules on X, which is con-
structible with respect to a complex Whitney stratification S of X. For each
S ∈ S, let mk

S(A•) denote the degree k Morse module of S with respect to A•.
We let S(A•) denote the set of A•-visible strata, and let Sf (A•) denote the set
of strata S in S(A•) such that f|S is not constant.

To prove our main theorem, Theorem 5.1, we are going to push down this sit-
uation, via the pair (f, g), to put ourselves in C2, in the setting of Theorem 3.1.
Not surprisingly, this requires us to consider a general version of the relative polar
curve of Hamm, Lê, and Teissier. Our treatment of the relative polar curve follows
[22], except that we avoid discussing enriched cycles.

Suppose that M is a complex submanifold of U . Let π : T ∗U → U denote the
cotangent bundle.
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Definition 4.1.. The relative conormal space T ∗
f̃|M
U is given by

T ∗
f̃|M
U := {(x, η) ∈ T ∗U | η(TxM ∩ ker dxf̃) = 0}.

If M ⊆ X, then T ∗
f̃|M
U depends on f , but not on the particular extension f̃ . In

this case, we write T ∗f|M
U in place of T ∗

f̃|M
U . We also write T ∗f|M

U for the closure

of T ∗f|M
U in T ∗U .

We are going to define a relative polar set
∣∣Γf,g̃(S)

∣∣ and a relative polar cycle

Γ1
f,g̃(S), as we did in [22]. If g̃ is a generic linear form, and f|S is not constant, it is

easy to show that our
∣∣Γf,g̃(S)

∣∣ is purely 1-dimensional and that Γ1
f,g̃(S) is reduced,

and agrees with all of the definitions/characterizations of the relative polar curve
used in [10], [27], [13], [14] by Hamm, Lê, and Teissier. The point of Definition 4.2
is that it seems to be the “correct” definition of the relative polar curve even when
g̃ is not so generic. Note that, in the traditional case where g̃ is a non-zero linear
form, dxg̃ is a “constant” non-zero covector.

Definition 4.2.. If S ∈ Sf (A•), we define the relative polar set,
∣∣Γf,g̃(S)

∣∣, to

be π
(
T ∗f|S
U ∩ im dg̃

)
. The relative polar set,

∣∣Γf,g̃(A•)∣∣, is defined to be∣∣Γf,g̃(A•)∣∣ :=
⋃

S∈Sf (A•)

∣∣Γf,g̃(S)
∣∣.

If C is a (reduced) 1-dimensional component of
∣∣Γf,g̃(S)

∣∣, then T ∗f|S
U and

im dg̃ intersect properly along a unique 1-dimensional component C ′ := dg̃(C) =
{(x, dxg̃) | x ∈ C} such that π(C ′) = C. Thus, the intersection number pC(S) :=([
T ∗f|S
U
]
· [im dg̃]

)
C′

is well-defined.

In particular, if
∣∣Γf,g̃(S)

∣∣ is purely 1-dimensional, then we may, and do, define

the relative polar curve, Γ1
f,g̃(S), to be the properly pushed-forward cycle

π∗

([
T ∗f|S
U
]
· [im dg̃]

)
=
∑
C

pC [C],

where the sum is over all of the components of
∣∣Γf,g̃(S)

∣∣.
If
∣∣Γf,g̃(A•)∣∣ is purely 1-dimensional (respectively, is 1-dimensional at the ori-

gin), then we define the relative polar curve of (f, g̃), with respect to A• as
a cycle (respectively, as a cycle germ at the origin) to be

Γ1
f,g̃(A

•) :=
∑

S∈Sf (A•)

Γ1
f,g̃(S).

Remark 4.3. . It is trivial to show that
∣∣Γf,g̃(S)

∣∣ has no zero-dimensional com-
ponents. Thus, using the convention that the empty set has dimension −∞, the
condition that dim0

∣∣Γf,g̃(A•)∣∣ ≤ 1 is equivalent to
∣∣Γf,g̃(A•)∣∣ being purely one-

dimensional at 0.
It will also be important to us later what happens in the case of a 1-dimensional

stratum S along which f is not constant. It is trivial to see that, in this case, the
cycle Γ1

f,g̃(S) is reduced and simply equals [S].
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In order to aid the reader’s intuition, we would like to describe the relationships
between critical loci and our generalized notion of the relative polar curve. We also
need to define the discriminant of (f̃ , g̃) with respect to A•.

It is a theorem, Theorem 4.13 of [20], that the microsupport, SS(A•), of A• (see
[11]) is equal to

⋃
S∈S(A•) T

∗
SU . For all p ∈ U , we let SSp(A•) denote π−1(p) ∩

SS(A•).

The (closed) critical loci of f̃ and of the pair (f̃ , g̃) with respect to A• are the
sets

ΣA•(f̃) := {p ∈ X | dpf̃ ∈ SSp(A•)},
and

ΣA•(f̃ , g̃) := {p ∈ X | there exists (a, b) 6= (0, 0) such that adpf̃+bdpg̃ ∈ SSp(A•)},

respectively. The discriminant of (f̃ , g̃) with respect to A• is the image of the
critical locus:

∆A•(f̃ , g̃) := (f, g)
(
ΣA•(f̃ , g̃)

)
.

As we showed in Theorem 3.4 of [20], at a point p ∈ X, ΣA•(f̃) is the support

of the vanishing cycles φf−f(p)A
•. In particular, ΣA•(f̃) is independent of the

extension f̃ , and so we write ΣA•(f). Note also that, near a point p ∈ ΣA•(f), we
have the containment ΣA•(f) ⊆ V (f − f(p)).

Proposition 5.10 of [22] is:

Proposition 4.4.. There is an equality of sets:

ΣA•(f̃ , g̃) = ΣA•(f̃) ∪
∣∣Γf,g̃(A•)∣∣.

In general, it is quite possible that the intersection of ΣA•(f̃) and
∣∣Γf,g̃(A•)∣∣ is

“big”. However, if we add a dimensional restriction, then the situation becomes
much more standard, as stated in the following immediate corollary:

Corollary 4.5.. Suppose that

dim0V (f) ∩
∣∣Γf,g̃(A•)∣∣ ≤ 0.

Then, if we restrict to a sufficiently small open neighborhood of the origin in CN ,
we have:

(1)
∣∣Γf,g̃(A•)∣∣ is purely 1-dimensional;

(2) ΣA•(f̃) ⊆ V (f);

(3) no component of
∣∣Γf,g̃(A•)∣∣ is contained in ΣA•(f̃) or V (f);

(4) the restriction of (f, g) to
∣∣Γf,g̃(A•)∣∣ is a finite map, and so, the im-

age ΘA•(f̃ , g̃) := (f, g)
(∣∣Γf,g̃(A•)∣∣), the Cerf diagram, is purely 1-

dimensional (which allows for the empty set);
(5) using (u, v) for coordinates on C2,

∆A•(f̃ , g̃) ⊆ V (u) ∪ΘA•(f̃ , g̃),

and V (u) is not a component of ΘA•(f̃ , g̃).

In light of the previous corollary, we may make the following definitions:
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Definition 4.6.. Suppose that dim0V (f)∩
∣∣Γf,g̃(A•)∣∣ ≤ 0, and suppose that C is a

component of
∣∣Γf,g̃(A•)∣∣. Then, we let SC denote the stratum of S which contains

C − {0}, and we let nC denote the degree of C over its image D, i.e., nC is the
number of points in the inverse image of (f, g)|C over a generic point in D.

5. The Main Theorem

The idea of the proof of the main theorem is simple: you use (f, g) to push-down
what happens on X to a problem in C2, and then you apply Theorem 3.1. The
details are not quite so simple.

We continue with the assumptions and notations from the previous section. Now,
we also assume that

dim0V (f) ∩
∣∣Γf,g̃(A•)∣∣ ≤ 0.

For all S ∈ Sf (A•), define Γ̂1
f,g̃(S) to be the sum of the components of the

cycle Γ1
f,g̃(S) which are not contained in V (g). Thus, no component of Γ̂1

f,g̃(S) is

contained in V (f) or V (g), and

Γ̂1
f,g̃(S) =

∑
C comp. of |Γf,g̃(A•)|

C 6⊆V (g)

pC [C].

In what follows, we always write C for the reduced cycle (and so must explicitly
include pC when we want the non-reduced cycle).

For all S ∈ Sf (A•), we define

δf,g̃(S) :=
∑

C comp. of Γ̂1
f,g̃(S)

pC

((
C · V (f)

)
0
−min

{(
C · V (f)

)
0
,
(
C · V (g)

)
0

})
.

The assumption that dim0V (f) ∩
∣∣Γf,g̃(A•)∣∣ ≤ 0 implies that the discriminant

∆A•(f̃ , g̃) is a curve, or an isolated point, or is empty, as a germ at the origin in
C2. In any of these cases, there is a canonical Whitney stratification of an open
neighborhood of the origin in C2 such that ∆A•(f̃ , g̃) is a union of strata (possibly
an empty union). In the theorem below, we use (u, v) for coordinates on C2.

We can now state the main theorem.

Theorem 5.1.. Suppose that dim0 V (f) ∩
∣∣Γf,g̃(A•)∣∣ ≤ 0.

Then, for generic [σ : λ] ∈ P1, for all k ∈ Z,

Hk(φg[−1]φf [−1]A•)0 ∼= Hk(φσf+λg[−1]A•)0 ⊕
⊕

S∈Sf (A•)

(
mk
S(A•)⊗Rδf,g̃(S)

)
.

Furthermore, the genericity required for [σ : λ] is that d0(σu + λv) is not a
degenerate covector with respect to the Whitney stratification near the origin in C2

determined by the discriminant curve ∆A•(f̃ , g̃).

Proof. Let ρ, ε, and δ be positive real numbers. Define Nρ
δ,ε := Bρ ∩X ∩ f−1(D◦δ)∩

g−1(D◦ε ), where Bρ is the closed ball, of radius ρ, centered at the origin, and D◦δ
and D◦ε are open disks, centered at 0 in C. Let T ρδ,ε denote the restriction of (f, g)

to a map from Nρ
δ,ε to D◦δ × D◦ε ; note that T ρδ,ε is proper. Let (A•)ρδ,ε denote the

complex A•, restricted to Nρ
δ,ε.

The main result, Theorem 4.1, and its corollary, Corollary 4.4, of [22] (using
different variable names) tell us that, for 0 < δ, ε � ρ � 1, the push-forward
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(F•)ρδ,ε := (T ρδ,ε)∗(A
•)ρδ,ε is complex analytically constructible with respect to the

Whitney stratification given by the discriminant ∆A•(f̃ , g̃). Furthermore, the germ
F• of (F•)ρδ,ε at the origin is independent of the choice of 0 < δ, ε � ρ � 1. In

addition, if D is a 1-dimensional component of ∆A•(f̃ , g̃), which is not contained
in V (u) or V (v), then the degree k Morse module mk

D(F•) of the stratum D−{0}
is:

mk
D(F•) ∼=

⊕
C comp. of |Γf,g̃(A•)|

(f,g)(C)=D

(
mk
SC

(A•)⊗RpCnC
)
.

Recall the definition of nC from Definition 4.6. If (f, g)(C) = D (as sets),
then, by standard push-forward formulas, (C · V (f))0 and (C · V (g))0 are equal to
nC(D · V (u))0 and nc(D · V (v))0, respectively.

Now, essentially from the fact that F• is the proper push-forward of (A•)ρδ,ε, it
follows that

Hk(φg[−1]φf [−1]A•)0 ∼= Hk(φv[−1]φu[−1]F•)0

and, for all (σ, λ) ∈ C2,

Hk(φσf+λg[−1]A•)0 ∼= Hk(φσu+λv[−1]F•)0.

We shall assume the isomorphisms above, and prove them rigorously in Lemma 6.2.
For i in an indexing set Î, let Di denote the components of ∆A•(f̃ , g̃) which are

not contained in V (u) or V (v), and write mk
i (F•) in place of mk

Di
(F•). For i ∈ Î,

let

δ(Di) := (Di · V (u))0 − min {(Di · V (u))0, (Di · V (v))0} .
Recall the definition of SC from Definition 4.6. Applying Theorem 3.1, we con-

clude that, if d0(σu+λv) is non-degenerate with respect to the discriminant strat-
ification, then

Hk(φg[−1]φf [−1]A•)0 ∼= Hk(φv[−1]φu[−1]F•)0 ∼=

mk
0(F•) ⊕

⊕
i∈Î

(
mk
i (F•)⊗Rδ(Di)

)
∼=

Hk(φσu+λv[−1]F•)0 ⊕
⊕
i∈Î

⊕
C comp. of |Γf,g̃(A•)|

(f,g)(C)=Di

(
mk
SC

(A•)⊗RpCnC
)
⊗Rδ(Di) ∼=

Hk(φσf+λg[−1]A•)0 ⊕
⊕

S∈Sf (A•)

⊕
C comp. of Γ̂1

f,g̃(S)

(
mk
S(A•)⊗RpCnCδ((f,g)(C))

)
∼=

Hk(φσf+λg[−1]A•)0 ⊕
⊕

S∈Sf (A•)

(
mk
S(A•)⊗RωS

)
,

where

ωS :=
∑

C comp. of Γ̂1
f,g̃(S)

pCnCδ
(
(f, g)(C)

)
.

By the push-forward formulas,

nCδ
(
(f, g)(C)

)
= (C · V (f))0 − min {(C · V (f))0, (C · V (g))0} ,

and so, ωS = δf,g̃(S), which finishes the proof. �
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In Proposition 3.15 of [22], we show that, for generic linear l, dim0 V (f) ∩∣∣Γf,l(A•)∣∣ ≤ 0. We conclude immediately:

Corollary 5.2. . Suppose that g̃ is equal to a generic linear form l. Then,
dim0 V (f) ∩

∣∣Γf,l(A•)∣∣ ≤ 0, and the degree k Morse module of the origin, with
respect to φf [−1]A• is

mk
0(φf [−1]A•) ∼= mk

0(A•) ⊕
⊕

S∈Sf (A•)

(
mk
S(A•)⊗Rδf,l(S)

)
,

where

δf,l(S) :=
∑

C comp. of Γ̂1
f,g̃(S)

pC

((
C · V (f)

)
0
−
(
C · V (l)

)
0

)
.

On the level of Euler characteristics, we proved Corollary 5.2 in Corollary 4.6 of
[19].

Remark 5.3.. It is an important part of Theorem 5.1 that the amount of genericity
that we need for g is precisely that dim0 V (f) ∩

∣∣Γf,g̃(A•)∣∣ ≤ 0. This dimension
condition can, in fact, be checked in practice.

Remark 5.4.. Typically, a pair of functions (f, g) does not define a locally trivial
fibration over the complement of the discriminant. However, our results from [22]
on the complex (F•)ρδ,ε effectively mean that we have a “cohomologically locally
trivial” fibration over the complement of the discriminant. Such results are usually
obtained by an assumption like “no blowing up in codimension 0”, as in [5], which
always holds when g is a generic linear form. Our own generic assumption in much
of our past work was that V (g) should be a “prepolar slice”; see, for instance, [18].

While it is, perhaps, well-disguised, the assumption that dim0 V (f) ∩∣∣Γf,g̃(A•)∣∣ ≤ 0 is a condition which replaces “no blowing up in codimension
0” or having a “prepolar slice”, on the cohomological level. The relationship
between our dimensional condition and Thom’s af or a(f,g) condition is easier

to see if one looks back at the definition of
∣∣Γf,g̃(A•)∣∣, and notes quickly that

dim0 V (f) ∩
∣∣Γf,g̃(A•)∣∣ ≤ 0 if and only if, for all S ∈ Sf (A•), (0, d0g̃) is an

isolated point in
(
V (f)× CN

)
∩ T ∗f|SU .

Remark 5.5. . Suppose that f̃ is itself a linear form, which is not necessarily
generic, and that, at the origin, for generic linear l,

∣∣Γf,l(A•)∣∣ is a collection of lines;
this would, for instance, be the case if A• were constructible with respect to a conic

stratification of affine space. Then, for generic linear l, for all S ∈ Sf
0(A•), δS = 0,

and so Hk(φl[−1]φf [−1]A•)0 ∼= Hk(φl[−1]A•)0. Thus, we recover Theorem 1 of
[1].

6. Technical Arguments

In this section, we need to prove the technical results that we referred to earlier.
As a general reference to the machinery of the derived category, see [11].

Suppose that Y is a closed subset of X, and that F• is a bounded complex
of sheaves on X. Let i : X − Y ↪→ X denote the open inclusion. Then, the
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hypercohomology of the pair (X,A) can be defined as:

Hk(X,A; F•) := Hk(X; i!i
!F•).

Lemma 6.1.. Suppose that A and B are closed subsets of an analytic X. Consider
the following pull-back diagram of open inclusions:

X − (A ∪B)
ı̂B−−−−→ X −A

ı̂A

y yiA
X −B iB−−−−→ X

Let F• be a bounded complex of sheaves of R-modules on X.
Then,

Hk((X,A), (B,A ∩B); F•) := Hk(X; iA!i
!
AiB !i

!
BF•) ∼=

Hk(X; (iA ı̂B)!(iA ı̂B)!F•) =: Hk(X,A ∪B; F•).

Proof. We will write ' to mean that two functors are naturally isomorphic.

As iA is an open inclusion, i!A ' i∗A. As the diagram is a pull-back diagram and
ı̂A is an open inclusion,

i∗AiB ! ' ı̂B ! ı̂
∗
A ' ı̂B ! ı̂

!
A.

Therefore,

iA!i
!
AiB !i

!
B ' iA!i

∗
AiB !i

!
B ' iA! ı̂B ! ı̂

!
Ai

!
B ' (iA ı̂B)!(iB ı̂A)! ' (iA ı̂B)!(iA ı̂B)!.

�

Before we can state, and prove, the next lemma, we need to recall our earlier
setting.

Suppose that U is an open subset of CN , and let X be a complex analytic
subspace of U . Assume that 0 ∈ X. Suppose that we have two complex analytic
functions f̃ and g̃ from (U ,0) to (C, 0), and let f and g denote their restrictions to
X. Let A• be a bounded, constructible complex of sheaves of R-modules on X.

Let ρ, ε, and δ be positive real numbers. Define Nρ
δ,ε := Bρ ∩ X ∩ f−1(D◦δ) ∩

g−1(D◦ε ), where Bρ is the closed ball, of radius ρ, centered at the origin, and D◦δ
and D◦ε are open disks, centered at 0 in C. Let T ρδ,ε denote the restriction of (f, g)

to a map from Nρ
δ,ε to D◦δ × D◦ε ; note that T ρδ,ε is proper. Let (A•)ρδ,ε denote the

complex A•, restricted to Nρ
δ,ε.

The main result, Theorem 4.1, and its corollary, Corollary 4.4, of [22] tell us
that, for 0 < δ, ε � ρ � 1, the push-forward (F•)ρδ,ε := (T ρδ,ε)∗(A

•)ρδ,ε is complex

analytically constructible. Furthermore, the germ F• of (F•)ρδ,ε at the origin in C2

is independent of the choice of 0 < δ, ε� ρ� 1.
Let jρδ,ε denote the inclusion of Nρ

δ,ε into X. Then, note that we may also describe

(F•)ρδ,ε as

(F•)ρδ,ε
∼= (f, g)∗(j

ρ
δ,ε)∗(j

ρ
δ,ε)
∗A•.

We use (u, v) for coordinates on C2.
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Lemma 6.2.. Using the notation from above,

Hk(φg[−1]φf [−1]A•)0
∼= Hk(φv[−1]φu[−1]F•)0,

and, for all (a, b) ∈ C2,

Hk(φaf+bg[−1]A•)0
∼= Hk(φau+bv[−1]F•)0.

Proof. We shall prove the first isomorphism; the second follows in the same manner.

Let ρ0 > 0 be small enough so that, for all ρ such that 0 < ρ ≤ ρ0, there exist
positive δ and ε such that (F•)ρδ,ε defines the germ F•, as described above. Select
ρ1 so that 0 < ρ1 < ρ0. For ρn, where n = 0, 1, let δn and εn denote corresponding
choices of δ and ε so that 0 < δ1 < δ0 and 0 < ε1 < ε0. Also, let jn : Nρn

δn,εn
↪→ X

denote the closed inclusion.
Also, let ρ0 > 0 be small enough so that, for all ρ such that 0 < ρ ≤ ρ0,

Hk(φg[−1]φf [−1]A•)0
∼= Hk (Bρ ∩X ∩ V (f) ∩ V (g);φg[−1]φf [−1]A•) ∼=

Hk
(
B◦ρ ∩X ∩ V (f) ∩ V (g);φg[−1]φf [−1]A•

)
.

The technical meaning of the germ F• being well-defined is that the inclusion
Nρ1
δ1,ε1

↪→ Nρ0
δ0,ε0

induces a morphism

(jρ0δ0,ε0)∗(j
ρ0
δ0,ε0

)∗A• → (jρ1δ1,ε1)∗(j
ρ1
δ1,ε1

)∗A•,

which, in turn, induces a morphism (F•)ρ0δ0,ε0 → (F•)ρ1δ1,ε1 , which becomes an iso-

morphism when restricted to small neighborhoods of the origin in C2.
Now, we use that vanishing cycles commute with proper push-forwards (see, for

instance, Exercise VIII.15 of [11]) to conclude that

Hk(φv[−1]φu[−1]F•)0 ∼= Hk
(
φv[−1]φu[−1]T ρ0δ0,ε0(jρ0δ0,ε0)∗A•

)
0

∼=

Hk
(
Bρ0 ∩X ∩ V (f) ∩ V (g); φg[−1]φf [−1](jρ0δ0,ε0)∗(j

ρ0
δ0,ε0

)∗A•
) ∼=−→

Hk
(
Bρ1 ∩X ∩ V (f) ∩ V (g); φg[−1]φf [−1](jρ1δ1,ε1)∗(j

ρ1
δ1,ε1

)∗A•
)
.

If we had the open ball B◦ρ0 above, in place of Bρ0 , and the open inclusion

iρ0δ0,ε0 : ◦Nρ
δ,ε := B◦ρ0 ∩X ∩ f

−1(D◦δ0) ∩ g−1(D◦ε0) ↪→ X

in place of each occurrence of jρ0δ0,ε0 , then we would be finished, since

Hk
(
B◦ρ0 ∩X ∩ V (f) ∩ V (g); φg[−1]φf [−1](iρ0δ0,ε0)∗(i

ρ0
δ0,ε0

)∗A•
)
∼=

Hk(φg[−1]φf [−1]A•)0.

However, with the closed ball and the inclusion jρ0δ0,ε0 , one might worry that the
boundary of the ball would cause an issue. We will show that there is no problem
here.

Choose ρ′0 and ρ′1 so that 0 < ρ′1 < ρ1 < ρ′0 < ρ0, with corresponding choices of
δ’s and ε’s. Then, the containments

◦N
ρ′1
δ′1,ε
′
1
⊆ Nρ1

δ1,ε1
⊆ ◦N

ρ′0
δ′0,ε
′
0
⊆ Nρ0

δ0,ε0

induce morphisms

Hk
(
Bρ0 ∩X ∩ V (f) ∩ V (g); φg[−1]φf [−1](jρ0δ0,ε0)∗(j

ρ0
δ0,ε0

)∗A•
)

r1−→
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Hk
(
B◦ρ0 ∩X ∩ V (f) ∩ V (g); φg[−1]φf [−1](i

ρ′0
δ′0,ε
′
0
)∗(i

ρ′0
δ′0,ε
′
0
)∗A•

)
r2−→

Hk
(
Bρ1 ∩X ∩ V (f) ∩ V (g); φg[−1]φf [−1](jρ1δ1,ε1)∗(j

ρ1
δ1,ε1

)∗A•
)

r3−→

Hk
(
B◦ρ1 ∩X ∩ V (f) ∩ V (g); φg[−1]φf [−1](i

ρ′1
δ′1,ε
′
1
)∗(i

ρ′1
δ′1,ε
′
1
)∗A•

)
.

But we know that both r2r1 and r3r2 are isomorphisms. Therefore, r2 is an iso-
morphism, which concludes the proof. �
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[13] Lê, D. T. Calcul du Nombre de Cycles Évanouissants d’une Hypersurface Complexe. Ann.

Inst. Fourier, Grenoble, 23:261–270, 1973.
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[16] Lê, D. T. and Perron, B. Sur la fibre de Milnor d’une singularité isolée en dimension complexe
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[24] Sabbah, C. Proximité évanescente. Compos. Math., 62:283–328, 1987.

[25] Saito, M. Mixed Hodge Modules. Publ. RIMS, Kyoto Univ., 26:221–333, 1990.
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