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    We investigate the topology of the varieties of singular m x m complex matrices which 
may be either general, symmetric or skew-symmetric (with m even). Although these 
hypersurfaces have highly nonisolated singularities, we determine the topology of their 
Milnor fibers (along with the complements and links). We do so by replacing the Milnor 
fibers by corresponding global Milnor fibers which have a “complex geometry” resulting 
from a transitive action of an appropriate linear algebraic group. This yields compact 
“model submanifolds” for the homotopy types of the Milnor fibers which are classical 
symmetric spaces in the sense of Cartan.  Unlike isolated singularities, the cohomology 
of the Milnor fibers (and complements) are isomorphic as algebras to exterior algebras 
or for one family, modules over exterior algebras; and cohomology of the link is, as a 
vector space, a truncated and shifted exterior algebra.

    Second, we give a Schubert cell decomposition of the global Milnor fibers by using 
the Cartan model for these symmetric spaces together with Iwasawa decomposition 
combined with results due to a number of authors concerning the Schubert 
decomposition of Lie groups and symmetric spaces.  The “Schubert cycles”, which are 
the closures of the Schubert cells,are images of products of suspensions of projective 
spaces (complex, real, or quaternionic as appropriate). In the cases of general or skew-
symmetric matrices the Schubert cycles have fundamental classes, and for symmetric 
matrices mod 2 classes, which give a basis for the homology. They are also shown to 
correspond to the cohomology generators for the symmetric spaces. For general 
matrices the duals of the Schubert cycles are represented as explicit monomials in the 
generators of the exterior cohomology algebra; and for symmetricmatrices they are 
related to Stiefel-Whitney classes of an associated vector bundle.  The pull-backs of 
these cohomology classes generate a characteristic subalgebra of the cohomology of 
the Milnor fibers of the matrix singularities of these types. These results extend to 
exceptional orbit hypersurfaces, complements, and links.


